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Abstract. — We consider afBne Markov processes taking values in convex cones. In 
particular, wo characterize all afBne processes taking values in an irreducible sym- 
metric cone in terms of certain Lcvy-Khintchine triplets. This is the complete classi- 
fication of afiine processes on these conic state spaces, thus extending the theory of 
Wishart processes on positive semidefinitc matrices, as put forward by Bru (1991). 
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1. Introduction 

In recent years the study of affine Markov processes has gained increasing inter- 
est both in the theory of stochastic processes and their applications. We continue 
and generalize with the present work our research on positive matrix-valued affine 
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processes fsee ICuehiero et alj (1201 ih ). Much of this research has been motivated by 
apphcations in mathematical finance, where affine processes serve as reahstic models 
for stochastic correlation of multivariate asset models as well as for economic risk fac- 
tors with a non-trivial dependence structure . For an accoun t of re levant applications 
of matrix- valued affine processes we refer to lCuchiero et alJ (j201lh . 

A natural generalization of positive se midefinite matrices are the so-called sym- 
metric cones (see the standard reference iFaraut and Koranvil (jl994l )). This frame- 



work covers many important examples, such as the cone M", 
matrices and the Lorentz cone A„, defined by A„ {x G 



the cone of Hermitian 

0, xi > 0|. Affine diffusion pro cesses on this kind of state spaces were first considered 
bv lGrasselli and Tebaldil (|2008| ) in the context of affine term structure models. In this 
article, we take up the setting of symmetric cones and provide a full characterization 
of affine processes thereon. 

Other state spaces, such as set s whose boundary is describ ed by a quadratic poly- 
nomial, have been considered by Spreii and Veerman ( 2010l ). It turns out that the 
condition of a qua dratic bound a ry str ucture implies that the state space is either 
parabolic (see also iDuffie et al.l (|2003l Section 12)) or isomorph to the symmetric 
Lorentz cone. Let us remark that the boundary of other symmetric cones is in gen- 
eral described by polynomials of higher degree. 

Only a few articles have considered affin e processes on completely general state 
spaces, such as lKeller-Ressel et al.l (|201ll ) and lCuchiero and TeichmannI (|201l[ ). where 
regularity, that is the time-differentiability of their Fourier-Laplace transform, and 
path properties of affine processes are considered. For an analysis of affine processes 
(under t he regula r ity co ndition) on relatively general state spaces we refer to the 
thesis of lVeermanI (|201lh . 

In the present article the results of ICuchiero et al.l (|201ll ) are extended or reformu- 
lated or simplified as follows: 

- Regularity, the Feller property and necessary admissibility conditions are proved 
for affine processes on proper closed convex cones. 

- Sufficient admissibility conditions, in other words the full characterization of 
affine processes, are derived for symmetric cones. 

- It is shown for the first time that there exist affine diffusion processes on cones 
which are neither polyhedral nor symmetric. 

- Non-central Wishart distributions on symmetric cones are analyzed, described 
and embedded into affine processes, extending considerably the knowledge on 
those distributions. 

- We manage to simplify the theory of affine processes by taking the paradigm se- 
riously that every argument involving Kolmogorov equations should be replaced 
by an argument involving generalized Riccati equations. 
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This last point implies in particular that essential parts are now proved differently: 
Not only do we use the special structure of Euclidean Jordan algebras, but we also 
approach the existence issue in a new, more intrinsic and elementary way. 
Indeed, the existence proof is based on the result that the solutions of the general- 
ized Riccati differential equations of a pure diffusion process with a particular drift, 
which we call Bru process^ can be recognized as cumulant generating functions of the 
non-central Wishart distribution. In this context we also derive the explicit form of 
its density function (whenever it exists) on general symmetric cones, which has not 
been provided so far. Furthermore, for a particular class of affine diffusion processes 
(which correspond to the class of Wishart processes in the case of positive semidefi- 
nite matrices) we also establish the precise conditions under which the Markov kernels 
admit a density. 

The remainder of the article is organized as follows: Section [5] contains important 
definitions and a summary of the main results, whose proofs are postponed to the 
subsequent sections. In Section[3]we focus on affine processes on general convex cones, 
while in Section 2] the corresponding results are refined in the setting of symmetric 
cones. A construction of affine processes on symmetric cones as well as a derivation of 
the non-central Wishart densities is done in SectionjSJ In Section[S]we finally establish 
precise conditions under which affine processes remain almost surely in the interior 
of a symmetric cone. For the reader's convenience important notions of Euclidean 
Jordan algebras are summarized in Appendix [X] 



2. Definition and Main Results 



Let y be a finite-dimensional real vector space with inner product 
a closed convex cone K , and the closed dual cone 

K* 



containing 



{ueV\ {x, m) > for all x € K}. 

We assume K to be proper, i.e., K D {—K) ~ {0}, an d generating, i.e., K contains 
a basis, which is equivalent to V = K — K (see, e.g., lAliprantis and Tourkvi (12007 . 
Lemma 3.2)). T hese assumptions imply in p articular that K* is also generating and 



proper (see, e.g. 
dual cone of K by 



and by 



Faraut and Koranvil (119941 Proposition 1.1.4)). We denote the open 



k* ={ueV\ {x, u) > for all x S K}, 



dK* = {ueV\ 



for some x G K} 



the boundary of A'*. Note that K* is non-empty (see iFaraut and Koranvil (11994 . 
1.1.4)). Like any cone, K* induces a partial and strict order relation on V: For 
u,v € V we write u ^ w if and only if u — u G K* and it -< w if and only if w — u G K* . 
Finally, symmetric matrices and positive semidefinite matrices over V are denoted by 
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S{V) and S+{V), respectively, while C(y) corresponds to the space of linear maps 
on V. 

We want to study a class of time-homogeneous Markov processes which are stochas- 
tically continuous, take values in the cone K, and have the so-called ajfine property. 
Since we shall not assume the processes to be conservative, we adjoin to the state 
space K a point A ^ K, called cemetery state, and set Ka = K U {A}. Let now X 
be a Markov process on K. We denote by {pt{x, ■))t>o,xeK the transition kernels of 
X. These are extended to Ka by setting 

Ptix, {A}) - 1 - pt{x, K), pt(A, {A}) - 1, 

for all t E ]R-|_ and x G K, with the convention /(A) = for any function / on K. 

Definition 2.1 (Cone- valued afRne process). — A time-homogeneous Markov 
process X relative to some filtration (J-t) with state space K (augmented by A) and 
transition transition kernels {pt{x,d(,))t>o,xi£K *s called affine if 

(i) it is stochastically continuous, that is, liuis^tPsix, •) = Ptix, ■) weakly on K for 
every t > and x G K , and 

(ii) its Laplace transform has exponential- ajfine dependence on the initial state. This 
means that there exist functions (j) : R_|_ x K* — )■ R and tp : x K* — )■ V such 
that 

[ e-<"'«>pt(a;,dO = e-"^(*'")-<'^(*'")'^>, (2.1) 

JK 

for all X € K and (t, u) € R+ x K* . 
Rema rk 2.2. — In the papers bu Keller-Ressel et al. (2011) and bu Cuchiero and TeichmanA 



201 A ) affine processes on a general state space D are defined by requiring the 



exponential- affine form of the Fourier- Laplace transform: This means that there exist 
functions ^ : R+ x U ^ C and 'i' : x U ^ V + iV such that 

e<"'«>pt(a;,dO = $(t, w)e<*(*'")'^> , (2.2) 

for all X Cz D and (t, u) G R+ x U . Here U is defined by 

U = |itG 1^ + iV^I e^"'^^ is a bounded function on d| . 

Since the set U is given by hi = —K* + iV in the case of a conic state space, the 
definition of an affine process can be slightly modified by requiring the affine property 
only on ~K* . Thus, instead of the Fourier- Laplace transform, we here only consider 
the Laplace transform of X , implying that 

e-<"'«>pt(x,dO $(t,-w)e<*'*^-")'='> = e-'>(*'")-<'^(*'")'^) 

K 

is real-valued and cannot become for u G K* . 
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Let us also n ote that in the present cone set ting this is equivalent to the affine 
property used in I Cuchiero and Teichmann 1201m ). Indeed, if X is an affine process 
with state space D = K in the sense of (j2.2|) , then it is clearly also an affine process 
in the sense of Definition \2.1\ since the only difference is the restriction of hi to —K*. 
Note that for u € K* we have 

= e--^^*'") and ^{t,-u) = -i}{t,u). 



The other direction can he shown by following the proof of \Keller-Ressel et al. 



'201 d . Lemma 2.5), which implies that property (|2.ip can he extended tolA, where it 



takes the form (|2.2p . 

Remark 2.3. — It is standard to realize a Markov process on the canonical path 
space. By Cuchiero and TeichmanA (2011) (and the above equivalence of the various 
definitions) X has a version with cddldg paths. Hence on proper convex cones we 
can consider affine processes on the filtered probability space (p.,J-,{J-t),^x)- Here 
Q, = J}{K/^) denotes the space of cddldg paths w : M+ — ^ with LLj{t) = A for t > s, 
whenever uj{s—) = A or lu{s) = A, and the law of X given Xq — x. Moreover, 
T , Tt are given by 



n ^^ 



Tt := 



n 



where {Tf) is the usual augmentation of the natural filtration ff{Xs, s < t) with respect 
to F^. 

The following theorem summarizes now the main results on affine processes in the 
setting of generating proper closed convex cones K: 



Theorem 2.4- — Let X be an affine process on K . Then X is a Feller process, the 
functions (j) and given in (j2.f [) are differentiahle with respect to time and satisfy the 
generalized Riccati equations for u G K* , that is, 



d(j){t, u) 
dt 

dip{t, u) 



= F{i^{t,u)), 



(/)(0,m) = 0, (2.3a) 
i^{0,u) = uG K*, (2.3b) 



where F(u) = dt<t>( t, u)\t=o and R{u) ~ dtip{t,u)\t=Q. Moreover, relative to any trun- 
cation function^_]2 Xj there exists a parameter set {Q,b, B, c,^,m, fi) such that the 



1. A truncation function is continuous, bounded in norm by 1 and equals the identity in a neigh- 
borhood of the origin. 
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functions F and R are of the form 

F{u)^{b,u)+c- J (e-<"'«> - l) m(dO, (2.4a) 

Riu) = ~lQiu,u) + B'^{u)+j- - 1 + (x(e),^)) KdO, (2.4b) 

where 

(i) b e K, 

(ii) ceR+, 

(iii) m is a Borel measure on K satisfying m({0}) = and 

(iieil Al)m(dC) <oo, 

K 

(iv) Q:Vy.V-^Visa symmetric bilinear function such that for all v ^ V , 
Q{v, v) G K* and {x, Q{u, v)) — 0, whenever (u, x) — for u e K* and x e K, 

(v) 7 e K*, 

(vi) fi is a K* -valued a-finite Borel measure on K satisfying /i({0}) = 0, 
Sk (II^II^ ^ 1) (•'^'/^(^C)) < 2; e A', and 

(x('f), w) (a^, /i(dC)) < 00 /or u G K* and x Cz K with {u,x) = 0, 

K 

(vii) i?^ :V-^Visa linear map, satisfying 

{x, B^{u)) - / (x(Oi KdO) > /o'^ " £ ^''^* 2; e A' wit/i (w, a;) = 0. 

JK 

Conversely, let (Q ~ 0,b, B,c,^^m, fi) be a parameter set satisfying the above con- 
ditions. Then there exists a unique affine (pure jump) process on AT such that (j2.ip 
holds for all {t, u) G R+ x AT*, where 4>(t, u) and ipit, u) are given by (|2.3ap and (|2.3bp . 

Proof. — The Feller property is proved in Proposition 13. 3[ while the differentiability 
of (j) a-nd ip follows from Proposition 13.51 The second part of the assertion is a con- 
sequence of Proposition 13.81 and Proposition 13.91 The existence of pure affine jump 
processes for a given parameter set is established in Proposition 13. 181 □ 

2.1. Symmetric Cones. — In order to make the conditions on the parameters as 
formulated in Theorem 12.41 more explicit and to prove existence of affine processes 
with a diffusion part, we now assume A' to be a symmetric cone. This setting imposes 
an additional algebraic structure on V and implies a natural multiplication operation 
o : V X V V, which endows V with the structure of a so-called Euclidean Jordan 
Algebra. The cone AT is then exactly the cone of squares in this algebra, that is, 
K = {x o X : X (z V}. 

We start by explaining the fundamental definitio ns from the standard refer ence 
on symmetric cones and Euclidean Jordan algebras. iFaraut and Koranvil (jl994l) . In 
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order to give some intuition, we illustrate them by using the r x r real symmetric 
matrices Sr- 

Definition 2.5 (Symmetric cone). — A convex cone K in an Euclidean space 
{V, (•, •)) of dimension n is called symmetric if it is 

(i) homogeneous, which means that the automorphism group 

G{K) = {g e GL{V) \ gK = K} (2.5) 

acts transitively on K. That is, for all x,y €z K there exists an invertihle linear 
map g : V ^ V that leaves K invariant and maps x to y, 

(ii) self-dual, that is, K* = K. 

A symmetric cone K is said to he irreducible if there are no non-trivial subspaces V\, 
V2 and symmetric cones A'l C Vi , K2 C V2 such that V is the direct sum of Vi and 
V2 and K = K1+K2. 

Example 2. 6. — For illustrative purposes, let us consider the vector space Sr of 
symmetric r x r -matrices, which is of dimension n = lil^hli, ^ scalar product on 
this space is given by {x,y) = tr{xy), where tr denotes the usual matrix trace. The 
set of positive semidefinite matrices is a symmetric cone in this vector space, and 
will be denoted by . Moreover, we write S^'^ for the open cone of positive definite 
matrices. Clearly, is self-dual with respect to {x,y) — tr^xy). Furthermore, its 
automorphism group is given by 

G{S+) = {Ge GL{Sr) I Gx ^ gxg^ , g e GL{W)} . 

Let ^/z denote the unique square root of the a positive semidefinite matrix z. Then 
by setting g = ^\fxF^ , we have G{x) = y. Hence 5+ is homogeneous. 

As already mentioned, symmetric cones are directly related to Euclidean Jordan 
algebras. These, in turn, are defined as follows: 

Definition 2.7 (Euclidean Jordan algebra). — A real Euclidean space {V, {■,■)) 
with a bilinear product o -.V xV ^ V : {x,y) ^ xoy and identity element e is called 
an Euclidean Jordan algebra if 

(i) V is a Jordan algebra with product o, that is, for all x,y CzV 

(a) X o y — y o X, (6) x'^ o [x o y) = X o (x^ o y), 

(ii) and the Jordan product is compatible with the scalar product, in the sense that 

{xoy,z) = {y,xoz). 

An Euclidean Jordan algebra is said to be simple if it does not contain any non-trivial 
ideal. 
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Remark 2.8. — Note that the Jordan product is commutative by (a), but in general 
not associative. Thus (b) is a genuine axiom. We have used to denote the Jordan 
product X o X. This should not cause confusion, even when we use the same notation 
to denote powers of scalars and matrices. By induction it is seen that V is a power 
associative algebra, that is, a;™ o x" = x" o a;"' = x™"*"" , for all m, n > 1. 

Example 2. 9. — By defining the following product on the vector space of r x r real 
symmetric matrices 

xoy^ ]^{xy + yx), 

it is easily verified that Sr is a Jordan algebra. Here xy denotes the usual matrix 
multiplication. It is well known that the trace is invariant under cyclic permutations, 
that is, 

{x,yz) = {y,zx) = {z,xy). 
Together with {x,y) = tvixy) = tv{yx) — tr(xo y) we obtain (ii). 

For an element a; € we introduce the left-product operator, denoted by L and 
defined by 

L{x)y = xoy. (2.6) 

Moreover, P denotes the so-ealled quadratic representation of V , given by 

P{x) =2L{xf - L{x'^). (2.7) 

For both operators we have L — and P = P^ . In the case of Sr, the quadratic 
representation is given by P{x)y = xyx. 

The one-to-one cor respondence between Euclidean Jordan algebras and symmetric 
cones is established in lFaraut and Kor anvil (|l994 Theorem III. 3.1, III. 4. 4 and III. 4. 5) 



and can be rephrased as follows: 

Theorem 2.10. — Let K be a symmetric cone in V. Then there exists a Jordan 
product o on V such that (V, o) is an Euclidean Jordan algebra, and 

K = {x^ : X e V}. 

The symmetric cone is irreducible if and only if the associated Euclidean Jordan al- 
gebra is simple. 

Example 2.11. — In the case of , the above theorem can easily be verified, since 

= {x O X ^ X^ \ x ^ Sr}. 

Note that the Jordan product x o x = x^ equals the matrix product xx = in this 
case. It can be easily seen from their eigenvalue decomposition that the set of squares 
of symmetric matrices is equal to the set of positive semidefinite matrices. 
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We use some further facts from th e theo ry of Jordan algebras in the sequel. For 
those we refer to iFaraut and Koranvil (|l994l ) and also to Appendix \^ where we give 
an overview of the most important results and illustrate them by means of real- valued 
symmetric matrices. 

We are now prepared to formulate the refined conditions on the parameters given 
in Theorem 12.41 in the context of irreducible symmetric cones. 



Theorem 2.12. — Let X he an affine process on an irreducible symmetric cone K 
with parameters {Q,b, B,c,^,m, as derived in Theorem \2.4\ Then there exists 
a Cz K such that 

Q{u, u) = 4:P{u)a, 

where P{u) denotes the quadratic representation of the Euclidean Jordan algebra V , 
defined in (|2.7p . and where a = (5(e, e)/4. 

Moreover, if dim y > 2 , then the linear jump measure fi additionally satisfies 



(IICII A l)(.T,^(dO> < oo, forallxeK. (2.8) 

Furthermore, the following drift condition holds: 

b'^d{r-l)a. (2.9) 

Here r denotes the rank (see (|A.ip ] and d the Peirce invariant (see (jA.8[) ) of V . 

We point out that the new parameter conditions of Theorem 12 . 1 2 1 are independent 
of the choice of truncation function x- The following corollary shows that the drift 
condition (|2.9p can be strengthened to give a condition for boundary non-attainment. 

Corollary 2.13. — Let X be a conservative affine process. // dim > 2 and 

bt{d{r-l) + 2)a, (2.10) 

then PxiX K] ~ 1 for each x € K, that is if X is started at x €z K it remains in K 
almost surely. 

Proof. — The results are a consequence of Proposition 14.11 Proposition 14.21 Propo- 
sition 23] and (for the corollary) Proposition 16. II □ 

In the following definition we summarize the above introduced parameter restric- 
tions for affine processes on irreducible symmetric cones. 

Definition 2.14 (Admissible parameter set). — An admissible parameter set 
{a,b, B,c,j,m, fi) (associated with a truncation function x) for an affine process on 
an irreducible symmetric cone K consists of 
- a linear diffusion coefficient 

aeK, (2.11) 
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a constant drift term satisfying 

btd{r~l)a, (2.12) 

a constant killing rate term 

ceM+, (2.13) 

a linear killing rate coefficient 

l&K, (2.14) 
a constant jump term: a Borel measure m on K satisfying 

m{{0})^Oand [ (||^|| A 1) m(de) < oo, (2.15) 



JK 

- a linear jump coefficient: a K-valued a-finite Borel measure ji on K with 
A*({0}) ^ such that the kernel 

Mix,dO:={x,fiidO) (2.16) 

satisfies 

I (IICII^ A l)A/(a;,dO < oo, for all x e K, 

and 

{x{0,'u)M{x,d^) < oo for all x,u e K with {x,u) =0, (2.17) 

Jk 

- a linear drift coefficient: a linear map B'^ -.V such that 

{x,B'^{u))- (x(C),w) M(a;,d^) > for all x,u e K with {x,u) ^ 0. (2.18) 
Jk 

Remark 2.15. — From equation (j2.ip and Theorem \2.4\ we see that 
e-^"'^'>Ptix,dO~cxp{-F{u)^{R{u),x)) 



IK 

for small t > 0. Hence the coefficients of F influence the transition probability of 
X in a 'constant ' way, while the coefficients of R enter 'linearly ' with respect to the 
starting value x. This explains the terminology of 'constant' and 'linear' parameters 
as used above. 

Remark 2.16. — If cWthV > 2, then (|2.17D can be replaced by (|2.8p . Indeed, we 
can introduce a new drift B by setting 



Bin) :=B(u)- / (x(0, /^(^^O, 
Jk 

which in view of (|2.18p satisfies 

{x,B(u)) > for all x,u G K with {x,u) = 0. 

Accordingly, the function R in Theorem \8.4\ could be altered by omitting x o,nd replac- 
ing Bin) by B{u). 
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Using the above definition we can reformulate and improve Theorem l2.4l for affine 
processes on irreducible symmetric cones. 

Theorem 2.17. — Let X be an affine process on an irreducible symmetric cone K. 
Then X is a Feller process, the functions <j) and defined in (j2.ip are differentiable 
with respect to time and satisfy the generalized Riccati equations (|2.3p . Moreover, 
there exists an admissible parameter set {a, b, B, c, 7, m, ff) associated with some trun- 
cation function x such that the functions F and R are of the form 

F{u) = {b,u) +c- J (e^<«'"> - 1) m(d^), (2.19) 

R{u) = -2P{u)a + S^(u) + 7 - j (e-<«^"> - 1 + {x{i),u)^ ^i{di). (2.20) 

Conversely, let {a,b, B,c,^,m, fi) be an admissible parameter set. Then there exists a 
unique affine process on K such that (j2.ip holds for all (t, u) e R+ x K , where (j){t, u) 
and tlj{t,u) satisfy the generalized Riccati equations ()2.3ap and (|2.3bp . 

Proof. — The first assertion is a reformulation of Theorem 12.41 using the results of 
Theorem 12.121 The second statement concerning the existence of affine processes for 
a given admissible parameter set is subject of Proposition [FTTH CH 



2.2. Discussion of the Admissibility Conditions. — In order to give some in- 
tuition on the above introduced admissibility conditions for affine processes on sym- 
metric cones, we discuss and highlight some properties of the admissible parameter 
set {a,b, B,c,j,m, fi). In particular, we shall compare them with the well-known 



ad missibility condition s for the canonical state space 



and the cone 



(see lDuffie et al.l (|2003l Definition 2.6)). Note that the latter is a reducible symmetric 
cone, whose associated Euclidean Jordan algebra R"' is of rank 1. We also exem- 
plify the admissibility conditions by m e ans o f the cone of r x r positive semidefinite 
matrices (compare also ICuchiero et al.l (j201lh l 

2.2.1. Diffusion. — The diffusive behavior of an affine process on a general proper 
convex cone is fully determined by the linear diffusion coefficient. This is in constrast 
to the mixed state space R" x R!p (n > 0), on which affine processes with a non-zero 
constant diffusion part exist. 



Condition (iv) of Theorem 12.41 that is. 



{x, Q{u, v)) = for all w G y and x E K, u G K* with (u, x) = 0, 

is the dual formulation of the parallel diffusion behavior along the boundary, which 
is necessary to guarantee that the process remains in K. In the case of irreducible 
symmetric cones this translates to 



{u,A{x)u) = {x,Q{u,u)) = 4{x, P{u)a), u G V, 



(2.21) 
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where a is the linear diffusion coefficient. This property is in line with the admissibility 
conditions on the reducible symmetric cone M™. In this case the diffusion part A{x) 
is of the form A{x) = ^ocie^Xi. Here, G M^- and e* denotes the mx m matrix, 

where {e^)ki = SikSu. As the quadratic representation of R™ is given by 



P{x)y = {xiyl,...,xf^y„^)' , x,yeM™, 

relation (|2.21[) thus also holds on the reducible symmetric cone K™. In the case of 
positive semidefinite matrices, the above simplifi es to (u, A(x)u) = 4(x , uau). 



We remark that (j2.21|) has also been stated in iGrasselli and Tebaldil (j2008[ ) , but it 
has been justified using different arguments than ours. 

2.2.2. Drift. — The drift condition (|2.I2[) can be explained by the fact that the 
boundary of a symmetric cone is in general curved and kinked, which implies this 
order relation between the diffusion coefficient a and the drift coefficient b. We derive 
this condition by using the positive maximum principle for the generator A, defined 
in (|4.13|) (see Lemma lO)) . 

Note that, for the rank 1 Jordan algebra R (or, equivalently for the symmetric cone 
M+) the drift condition simply reduces to the non- negativity of b. 

In the case of positive semidefinite r x r matrices the Peirce invariant equals 1, 
whence 6 ^ — l)a. The stronger condition (|2.10p implying that the process remains 
in the interior of the cone for all times, reduces to the well-known Feller condition on 
M+. Indeed, the process given by 



dXt = bdt + 2^dXtdWt 

is always positive if 5 > la. 

One possible specification of the linear drift _B^, e.g., in the case of Wishart pro- 
cesses taking values in the cone of positive semidefinite matrices, is to consider linear 
maps M -.V which belong to the Lie algebra ^(K) of the automorphism group 
G{K) as defined in (j2.5|) . These linear maps are characterized by the relation 

2P{M{u))u = MP{u) + P{u)M 



isee iFaraut and Koranvil (|l994l Proposition III. 5. 2)). Moreover, since M E q{K) 



means 

e^^\K)^K, forahteM, 

condition (j2.18p reads as 

(x, M (u)) = for all x,u€ K with (x, u) = 0. 
In the case of 5+, all elements in 0(5*+) can be represented by 

M{u) ^Hu + uH'^ (2.22) 



for some r x r matrix H . 
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2.2.3. Killing Rate. — A necessary condition for an affinc process on any convex 
proper cone to be con servative is c = and 7 = 0. In the case of symmetric cones, 
it can be proved as in iMaverhofer et al.l (j2011ar) that X is conservative if and only if 
c = and 0) = is the only if -valued local solution of (|2.3bp for u = 0. The 
latter condition clearly requires that 7 = 0. 

A sufficient condition for X to be conservative is c = 0, 7 = and 



^fn{|icil>i} 



||^|jM(x, dC) < 00, for aU x e K. 



Indeed, it can be shown similarly as in lDuffie et alj (|2003l Section 9) that the latter 
property implies Lipschitz continuity of R{u) on K. 

2.2.4. Jump Behavior. — For general convex proper cones. Condition (iii) of The- 
orem 12.41 means that jumps described by m should be of finite variation. Similarly, 
Condition (vi) asserts finite variation for the inward pointing directions of the linear 
jump part. However, due to the geometry of irreducible symmetric cones, such a be- 
havior is no longer possible in dimensions dim V > 2 and all jumps are in fact of finite 
total variation, as asserted in (12.81) 



(see also Propo sition 14.21 and Remark l2.16p . This 
restriction has been described bv lMaverhofeii (j201l[) for positive semidefinite matrices. 
However, in the case of M.^ and the two-dimensional Lorentz c one, the linear jum p 
part can have infinite total variation (for an explicit example, see iMaverhofen (|2011l )'). 

Let us also remark that for r > 1 and d > 0, affine diffusion processes X can- 
not be approximated (in law) by pure jump processes, since this would imply that 
X is infinitely divisible. Indeed, in view of Proposition 13.171 pure jump processes 
are infinitely divisible, and it is well known that this property is conserved under 
convergence in law. The marginal laws of an affine diffusion process however follow 
a (gener alized ) Wish art distribution, which is known to be not infinitely divisible 
(see e.g. iLevvl (|l948r )) . For a characterizat ion of infinite divisibility in the positive 
semidefinite case, see (jCuchiero et al.U201ll Theorem 2.9). 

However, such an approximation is possible for the canonical state space, since 
the rank of the Euclidean Jordan algebra M" is 1. This i s explicitly exploite d in the 
existence proof for affine processes on R™ x M"~™ (see iDufEe et al.l (|2003L Section 
7)). 



2.3. Afflne Diffusion Processes on Non-Symmetric Cones. — In this section 
wc show that there actually exist affine diffusion processes on non-symmetric cones. 
Both of the following examples are squared Bessel-type processes; the first one is 
defined on a (non-homogeneous) polyhedral cone and the s econd one on t he dual 
Vinberg cone, which is homogeneous, but non-symmetric (see IVinbera (|1960l )). 



Example 2.18. — We define the polyhedral cone 

K ~ {tiOi + t2a2 + t^OTi + tiOi ■ tl,t2,t3,t4 > 0} . 
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where 





ai I 



02 := I 



as := I 1 





a4 := I 1 



which is not homogeneous bv \lshi !(200a . Section 2). Expressed in standard coordi- 
nates, we have 



K 



Xi 

X3 



Xi >0,X2> 0, X3 > Xi, X3 > X2y ■ 



Let B — {Bi, . . . , B^) be a four- dimensional standard Brownian motion. We con- 
sider the surjective quadratic map 



q ■ 



Then the process X q{y + B), y e W^, gives rise to an affine process. Indeed, 
a straight- forward calculation yields that X is an Ito-process satisfying a stochastic 
differential equation of the form 

dXt = b{Xt)dt + a{Xt)dWt, X{Q) = qiy) 

where W is a 3-dimensional Brownian motion, a{x) := ^(cr(T^)(a;) and b{x) are affine 
functions in x given by 



Xi + X2 — X3 Xi 



a{X) := -([dX„ dX,])i<,- ,<3 = 2 Xi + X2 - X3 X2 



Xi 



X, 



X2 

^3 



b{X) = ( 2 2 4 ) 



Note that this example is covered by the general th eory of affine diffusion processes 
on polyhedral cones, (see Svreii and VeermaA 1 201C ) ). 

The next example provides an afSnc process whose state space is the dual Vinberg 
cone. 



Example 2.19. — Let K* be the Vinberg cone. This is a homogeneous cone in a 
b -dimensional Euclidean space, which can be represented as 



K* 



a bi 62 

61 ci 

62 C2 



a > 0, aci ~bl>0, ac2 - bj > 
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Its dual cone K the so-called dual Vinberg cone is given by 

X is positive semidefinite 



According to Faraut and Kordnvl 1 199A . Exercise 1. 10b), every element x € K can be 
written as a sum 

X ^ x" + x^ + x^ 
with Xi e A*, i G {0, 1, 2}, where the sets A* are defined by 







A' 



Ai = 








^ 


[: 













/ 


/ ai 


bi 







Cl 













/ 0.2 





b2 










V b2 





C2 


1 

^ci>0 




2>0 



flo > 



ai > 0, aiCi = fej 

A^ = <! I I 02 > 0, a2C2 = I 

K is invertible as long as ci and C2 are 
strictly positive. We now consider three independent affine processes i € {0, 1, 2}, 
taking values in the sets A\ To this end let us denote by 11^ the projection on the (1, 1) 
component and byll\ i G {1,2}, the projection on the matrix obtained by deleting the 
(4 — iy^ row and column. The processes X^, i G {0, 1, 2}, are then specified as 

dn"{X^) = bdt + 2JlP{X°)dBt, Tl"{X^) = a-?i > 0, b> 0, 



dW{Xl) 



1 




dt+^WiXl)dWl 

z\zY, z' e 





\ 












I 



Here, B is a one- dimensional Brownian motion and , i € {1,2} , a 2 x 2 matrix of 
Brownian motions, all mutually independent. The remaining entries of the processes 
X^ are supposed to be 0. Note in particular that I\^{X^) takes values in ]R+ and 
n*(X'), i G {1,2}, values in 95^. The latter property can for example be seen by 
noticing that the law ofW{Xl), i G {1,2}, is equal to 

Y: := I An ' "'f : ^^"^2 +5^2 ] ^ ( ^1 + \{ z\ + Zl z^), 




(4)' 



where , i G {1,2}, are standard one- dimensional Brownian motions. Note that if 
= (z|,0)^, then n'^(A'*), i G {1,2}, are one- dimensional squared Bessel processes 
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and all other entries of X^, i £ {1,2}, are 0. Let us now define a process X by 

X = X" + X^ + X^. 

Then X takes values in K and is an affine process. Indeed, the functions (j) and ip 
can be explicitly calculated and are given by 

(j){t,u) 

V(t,u) - I Vi,(i,ni(«)) ^l^Ut,TiHu)) I, uex* 



- + ljln(l + 2fflOH), 

>o(i,nOH) vL(t,niH) ^l^.-^^iu))^ 
i^\^{t,n\u)) ip\^{t,n\u)) 

yi,Ut,Ii^{u)) 



where 



i,\t,a) 



l + 2ta 



a > 



2t 



1 




V e St^ 



In particular, iljli(t,v) — ijj'^(t,vii). The Markov property can be deduced from the 
semi-flow property of the functions (j) and ip (see also (j3.1l) below). Notice also that for 
a non- degenerate starting value, the process X stays in a 3-dimensional submanifold 
of K, since, for c\,C2 > 0, A° x Aj^^^. x A^^^^, — > K defines a foliation by a 
3-dimensional submanifold of K . 



3. Afiine Processes on General Cones 

As above we assume that X is a proper closed convex cone, which is generating. 

3.1. Feller Property and Regularity. — In this section we shall prove that the 
semigroup {Pt)t>o induced by an affine process with state space K, i.e.. 



Ptfix):^ / fiOPtix,dO 
Jk 

is a Feller semigroup acting on the Banach space of Co(i^)-functions. In order to show 
this property, we shall mainly rely on Lemma 13.21 below. In addition, this result also 
enables us to give an alternative proof of the differentiability of the functions 4> and if) 
with respec t to time, a property calle d reg ularity, without referring to the theorems 
obtained in iKeller-Ressel et al.l (|201l[ ) and ICuchiero and TeichmannI (|201ll ) for gen- 
eral state spaces. Indeed, regularity for affine proc esses on cone state spaces can be 
obtained by arguing as in lKeller-Ressel et al.l (|201Cll ). who obtained the corresp o nding 
statements on the canonical state space R™ x M"""* (see iKeller-Ressel et al.l (|2010 . 
Theorem 4.3)). 

Let us start with the following properties of (f) and ip, which are immediate conse- 
quences of Definition 12.11 
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Proposition 3.1. — Let X be an ajfine process on K. Then the functions (j) and 
satisfy the following properties: 

(i) (j) maps x K* into M-|_ and ijj maps M_(- x K* into K* . 

(ii) (f) and ijj satisfy the semi-flow property, that is, for any s,t >0 and u G K* we 
have 

(j){t + s,u) = (j)[t,u) + (j){s,ip{t,u)), (?!)(0,w)=0, (3.1a) 

V'(< + = i}j{Q,u)=u. (3.1b) 

(iii) (j) and tp are jointly continuous on IR+ x K* . Furthermore, u i-> <j){t, u) and 
u I— >■ ip{t, u) are real-analytic on K* . 

(iv) For any t >Q and u,v d K* with u ^ v the order relations 

(/•(^i w) ^ 0(^j ''^) o.'f^d, tp(t,u) ^ 'ijj{t,v) 

hold true. 

Proof. — The left hand side of (|2.ip is clearly bounded by 1 for all x £ K. Inserting 
first .T = shows that (j){t,u) can only take values in R_|_. For arbitrary x € K the 



right hand side remains bounded only if ip(t, u) S K* , which shows (i) 



Assertion (ii) follows from the Chapman-Kolmogorov equation, that is, 



-(p{t-\-s,u) — {tp{t-\-s,u),x) 



K 



K 



K 



-4>{t,u)-<p{s,4!{t,u))-{4>{s4:{t,u)),x) 



Taking logarithms and using the fact that K is generating, yields (ii) 



For (iii) note that stochastic continuity oi pt{x,d(,) implies joint continuity of 
Jj^ e~^"'^^Pt(a;, d^) for all x € K and hence also of <f){t,u) and ^{t,u). The real- 
analyticity in of (j) and ip in K* follows from well-known properties of the Laplace 
transform. 



Concerning (iv) let u ^ v, which is equivalent to {u,x) < {v,x) for all x £ K. 
Hence, for alH > and x e K, we have 



K 



K 



which yields (iv) 



□ 



The following lemma states that the function ip associated to an afhne process 
remains in the interior of the dual cone if it starts in the interior, i.e., if ■0(0, u) £ K* . 
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Lemma 3.2. — Let ■0 : ]R-|_ x K* V be any map satisfying ip(0,u) = u and the 
properties (i) (iv) of Provosition [XT] (regarding the Junction tp). Then ip{t,u) £ K* 
for all {t,u) e IR+ X i:*. 



Proof. — We adapt the proofs of Keller- Ressell ( 20091 Proposition 1.10) and Cuchiero et al 



( 201lL Lemma 3.3) to our setting. Assume by contradiction that there exists some 
(t,u) G ]R+ X K* such that '4i{t,u) S dK* . Wc show that in this case also 
ip{^,u) e dK*. First note that 



ip{t,u) 



for all u S 8 := {v S K* : v ^ ?/'(|,ii)} by Proposition 13.11 (ii) and 



(3.2) 
Take now 

some ^ X e K such that {x,ip{t,u)) — 0. By (|3.2p also (.t, -i/'di ^)) = for all 
V E 0. If 7/'(|,u) G K* J then is a set with non-empty interior. By real-analyticity 
of ip, it then follows that {x,ip{^,w)) = and hence 'iIj{^,w) e dK* for all w S K* , 
which is a contradiction. We conclude that ijj{^,u) G dK* . 

Repeating these arguments yields, for each n e N, the existence of an element 
a;„ ^ e iiT, for which 

' - 0. 



Without loss of generality we may assume that ||x„|| — 1 for each n. Since the 
unit sphere is compact in finite dimensions, there exists a subsequence rik such that 
Xrik — > X* 7^ 0; as fc — > oo. From the continuity of the function t i— > ip{t,u) and the 
scalar product wc deduce that 



= lim 

A,'— >-oo 



(a;*,?A(0,w)) = {x*,u) > 0, 



which is the desired contradiction. 



□ 



It is now a direct consequence of this lemma that any affinc process X on i^T is a 
Feller process. 

Proposition 3.3. — Let X he an affine process on K. Then X is a Feller process. 

P roof. — The assertion can be proved by applying the same arguments as 
in lCuchiero et al.l (|201ll . Proposition 3.4). □ 



Let us now recall the concept of regularity. 

An affine process X on K is called regular if for 



Definition 3.4 (Regularity). 

all u e K* the derivatives 



F{u) 



d(j){t,u) 



dt 



R{u) 



d'4>{t, u) 



dt 



(3.3) 



exist and are continuous in u. 
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Proposition 3.5. — Let X be an affine process on K. Then X is regular and the 
functions (j) and "0 satisfy the ordinary differential equations 



Pr oof. — A proof of the ab ove theorem can be obtained by following the lines 
of iKeller-Ressel et all (|20ld Proof of Theorem 4.3). The equations dm follow 
immediately by differentiating the semi-flow equations (|3.ip . □ 



Remark 3. 6. — The differential equations (|2.3p are called generalized Riccati equa- 
tions. This terminology should become clear after Provosition \3.8\ below. 

3.2. Necessary Parameter Conditions and Quasi-monotonicity. — In this 
section, we focus on the specific form of the fun ctions F and R, defined in (13.31) . As 
already proved in iKeller-Ressel et al.l ( 2011 ) and ICuchiero and TeichmannI (|201l[ ) for 

the case of general state spaces, F and R have parameterizations of Lcvy-Khintchine 
type. We here show this result in the particular case of cone-valued affine processes 
and relate the form of F and R to the notion of quasi-monotonicity. 

For the proof of the main results of this section we first state a convergence result for 



Fourier-Laplace transforms which can be proved exactly as in lCuchiero et al.l (|2011 
Lemma 4.5) 

Lemma 3.7. — Let {i'n)ni£N be a sequence of measures on V with 
Ln{u) ^ / e"^"'^V„(d^) < oo and lim L„(u) = L{u), for all u e K* U {0}, 



pointwise, for some finite function L on K* U {0}, continuous at u = 0. Then 
converges weakly to some finite measure v on V and the Fourier- Laplace transform 
converges for u G K* U {0} and v €z V to the Fourier- Laplace transform of v, that is, 

lim / e-<"+"'^«V„(dO = / e-<"+' "^^V(dO. 

In particular, iy{V) — lim„_j.oo i^niV) o-nd 

L{u) = / e-<"'«>KrfC), 
Jv 

for all ue K*U {0}. 

3.2.1. Levy-Khintchine form of F and R. — In the following, x '■ ^ ~^ V denotes 
some bounded continuous truncation function with x(C) = ^ ^ neighborhood of 0. 

Proposition 3.8. — Let X be an affine process on K . Then the functions F and R 
as defined in (j3.3p are of form (j2.4a[) and (j2.4b|) . that is. 



F{u) = {b,u) +c- J (^e-<"'«> - l) TO(dO, 
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where 

(i) b G K, 

(ii) ceR+, 

(iii) m is a Borel measure on K satisfying m({0}) ~ and 

(lieil Al)m(dO <«^- 

K 

(iv) Q : V X V ^ V is a symmetric bilinear function with Q(v,v) € K* for all 

V e V, 

(v) : V V is a linear map, 

(vi) 7 e A"*, 

(vii) p is a K* -valued a-finite Borel measure on K satisfying /i({0}) = and 
(ll^ll^ A l) {x,^i{dO) < oo for all x G K. 

K 

Proof. — In order to derive the particu lar form of F and R w ith the above parameter 
rest rictions, we fohow the approach of Keller-Ressej ( 2009 . Theorem 2.6) (compare 
also ICuchiero et ahl ( 201lL Proposition 4.9)). Note that the t-derivative of Pte~^"'^^ 
at i = exists for all a; G and u G K* , since 

-{u,x) _ -{u.x) -4>(t.u)-{^{t,u),x) _ ~(u,x) 



lim 

44.0 



lim ■ 

t UO t 

= i-F{u) - (i?(M),x))e-<"'^> 
is well-defined by Proposition [XH Moreover, we can also write 



(3.4) 



-F(u) - {R(u),x) = lim- 



tg~{u,x) 



lnni(/^e-^^.-^),,(.,,e)_l) 

{e-<-^^-l)pdx,d^ + x) + P^ 



— lim - 

no \ t Jk-x 

By the above equalities and the fact that pt{x,K) < 1, we then obtain for u = 

Ptix,K)-l 



> lim : 

40 



t 



-F(0)-(i?(0),a;) 



Setting F{Q) = c and i?(0) = 7 yields c G and j e K* , hence (ii) and (vi) We 
thus obtain 

1 



-{F{u) - c) - {R{u) - 7, a;) = lim ^ 



(e-<"'«> - l)pt(x,de + a;). (3.5) 



For every fixed t > 0, the right hand side of (|3.5p is the logarithm of the Laplace 
transform of a compound Poisson distribution supported on i^T — R+x with intensity 
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Pt{x, K)/t and compounding distribution pt(a;, + a;)/pt(a;, A'). Concerning the sup- 
port, note that the compounding distribution is concentrated on K — x, which imphes 
that the compound Poisson distribution has support on the convex cone K — R+x. 
By Lemma r3. 71 the pointwise convergence of p.5[) for t — )- to some function being 
continuous at imphes weak convergence of the compound Poisson distributions to 
some infinitely divisible probability distribution iy{x, dy) supported on K — R+a;. In- 
deed, this follows from the fact that any compound Poisson distribution is infinitely 
divisible a nd th e class of infinitely divisible distributions is closed under weak conver- 
gence fsee lSatd (|l999L Lemma 7.8)). Again, by Lemma [5771 the Laplace transform of 
v{x,dy) is then given as exponential of the left hand side of (|3.5|) . 

In particular, for a; = 0, v{0,dy) is an infinitely divisible distribution wit h support 
on the cone K. By the Levy-Khintchine formula on proper cones (see, e.g.,|Skorohod 
(jl99ll Theorem 3.21)), its Laplace transform is therefore of the form 



exp 

where b G K and m is a Borel measure supported on K with m({0}) ~ such that 



(lieil Al)m(dO <«^, 



K 



yielding (iii) Therefore 



F{u) ^ (b,u) +c- / (e-<'"^^> - l)m(dO- 
Jk 

We next obtain the particular form of R. Observe that for each x G K and fc € N, 

e^pi-iF{u) - c)/k - {R{u) - -f,x)) 

is the Laplace transform of the infinitely divisible distribution vikx, dy)*i , where *^ 
denotes the convolution power. For fc — > c», these Laplace transforms obviously 
converge to exp(— (i?(u)— 7, x)) pointwise in u. Using again the same arguments as be- 
fore (an application of Lemma l3.7l to equation ([3?5|)), we can deduce that v{kx, dy)*k 
converges weakly to some infinitely divisible distribution L{x,dy) on K — R+a: with 

Laplace transform exp(— (i?(w) — 7, a;)) for u g K* . 

By the Levy-Khintchine formula on V (see Sato ( 19991 Theorem 8.1)), the charac- 
teristic function of L(x, dy) has the form 



L{x, u) = exp 



-{u,A{x)u) 



{B{x),u) 



x{0,^)]Mix,dC) 



(3.6) 
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for u S i y, where, for every x e D, A{x) G S-i-{V) is a symmetric positive semidefinite 
linear operator on V, B{x) G V , M{x, •) a Borel measure on V satisfying M{x, {0}) 



iU\\'Al)Mix,dO<oo, 

V 

and X some appropriate truncation function. Furthermore, by Satol ( 19991 Theorem 
8.7), 

fiOjPtix^d^ + x)'-^ [ /(e)m(de)+ / f{OM{x,dO (3.7) 
V Jv Jv 

holds true for all f : V M- which are bounded, continuous and vanishing on a 

neighborhood of 0. We thus conclude that M{x, d^) has support in K — x. Therefore, 

the characteristic function L{x, u) admits an analytic extension to K* + i V^, which 

then has to coincide with the Laplace transform for u G K* . Hence, for all x £ K, 

- {Riu)-j,x) = ^{u,A{x)u) - {B{xlu) 

+ J^[e-<''^^^ -l + {x{0,u))M{x,dO, ueK*. (3.8) 

As the left side of p.8p is linear in the components of x and as K is generating, it 
follows that X I— >■ A{x), x i— )■ B{x) as well as a; t-s- /g(||ClP /\ l)M{x,d£^) for every 



E G B{V) are restrictions of linear maps on V. In particular. Condition (v) follows 
immediately. Moreover, {u,A{x)v) can be written as 

{u,A{x)v)^{x,Q{u,v)}, (3.9) 

where Q : V x V V is a. symmetric bilinear function satisfying Q{v,v) G K* for 



all V G V, since A{x) is a positive semidefinite operator. This therefore yields (iv) 
Similarly, we have for all E G B{V) 

(lief Al)Af(a:,dO= / (H^f A l)(a., ^(dC)), 

E Je 

where is a i^*-valued cr-finite Borel measure on V, satisfying /i({0}) = and 
(lief A 1) {x,fi{d^)) < oo, for aU x G K. 

V 

Hence it only remains to prove that supp(/x) C K. In p. 71) take now x = for 
some y € K with ||y|| = 1 and nonnegative functions f = fn E Cb{V) with /„ = on 
K — ij/. Then, for each n, the left side of p.7p is zero, since pt{^y, •) is concentrated 
on K — —y. As supp(m) C K, the first integral on the right vanishes as well. Hence 



= J^MOM (^^y,d( 



for any nonnegative function /„ G Cb{V) with /„ = on if — implies that 
supp(/i) C K — —y for each n. Thus we can conclude that supp(/x) C K, which 
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proves (vii) Due to the definition of Q and /i together with 
form (1133 . 



R{u) is clearly of 
□ 



3.2.2. Parameter Restrictions. — In the following we continue the analysis of the 
function R and derive further restrictions on the involved parameters Q, and ji. 



Proposition 3. 9. — Let X he an affine process on K with R of form (j2.4bp for 
some Q, , 7 and ji satisfying the conditions of Proposition (iv)-(vii). Then, 
for any u G K* and x €z K with {u, x) — , we have 

(i) {x, Q{u, v)) = for all v eV, 

(ii) lK(^iO,'u){x,fi{d£_)) <oo, 

(iii) {x,B'^{u))-J^{x{0,n){x,KdO) > 0. 

Proof. — Let u e K* and x e K with {u, x) = be fixed. Define the linear 
map f7 : — > R, w H> (it, w). As established in the proof of Proposition 13.81 
— {R{u) — 7, x) is the Laplace transform of an infinitely divisible distribution L{x^ dy) 
supported on K — M+x. Similar to p.Sp . we denote the Levy triplet of L{x,dy) by 
{A(x), B{x), M{x, d^)). Let now be a random variable with distribution L(x, dy). 
Then the distribution of U{Yx) = {u,Yx), whic h we denote by Lu{x,dy), is again 
infinitely divisible and supported on M+. From ISatd (|l999L Proposition 11.10) we 
then infer that the Levy triplet {au{x),bu(x).,Vu{x,d£)) of Lu{x,dy) with respect to 
some truncation function x on R is given by 

au{x) = (u,A{x)u), 

b.,{x) = {B{x),u) + f {x{{u,0) - {x{0,u))U.,Mix,dO, 

JK 

Vu{x,di) = U^M{x,di). 

By the Levy Khintchine formula on R_|_, we conclude that au{x) = 0, hu{x) > and 
/r-(II^II ^ l)U^,M{x, d£,) < 00. The last condition already implies (ii) and allows to 



choose X = 0. Moreover, bu{x) > yields (iii) From 
= a,. 



-iu{x) {u,A{x)u) = (^y^A{x)u, A{x)uJ 



it follows that {v,A{x)u) = for all v £V. Hence relation p.9p implies (i 



□ 



3.2.3. Quasi-monotonicity. — Quasi- monotonicity plays a crucial role in compari- 
son theorems for ordinary differential equations and thus appears naturally in the 
setting of affine processes. As we shall see in Section 13.31 it is needed to estab- 
lish global existence and uniqueness for the ordinary differential equations defined 
in (|2.3ap and (|2.3bp . In the following we prove that the function i?, as given in (|2.4bp . 
is quasi- monotone increasing if the conditions of Proposition I3.9j(i)|(iii) | are satisfied. 
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Definition 3.10 (Quasi-monotonicity). — Let U be a subset of V . A function 
f : U ^ V is called quasi-monotone increasing (with respect to K* and the induced 
order :<) if for all u,v £ U and x £ K satisfying u < v and {u, x) = (u, x) , 

{fiu),x)<{fiv),x). 

Accordingly, we call f quasi- constant if both f and — / are quasi-monotone increasing. 

Remark 3.11. — Note that in a one- dimensional vector space any function is 
quasi-monotone. It is only in dimension greater than one that the notion of quasi- 
monotonicity becomes meaningful. 

Proposition 3.12. — Let R be of form (j2.4bp for some Q, , 7 and fi satisfying 
the conditions of Proposition (iv)-(vii) and Provosition \ 8.9\ (i)-(iii). Then R is 
quasi-monotone increasing on I'C* . 

Proof. — Let (5 > 0, and define 

R\u) = -\Q{u,u) + B'^{u)+-f- [ (e-<"'«>-l + (x(0,^^))/x(dO 



{||CII>'5}n/^ 

f ( 

{\\i\\>i']r\K 



J{||5||>5}nA: ^ 

(3.10) 

Take now some u,v £ K* and x £ K such that u ^ v and {u,x) ~ {v,x). Due to 
Condition (i) of Proposition 13.91 we then have {Q{v — u, w), a;) = for all w G V. As 
Q is a bilinear function, this is equivalent to {Q{v, ui), x) = {Q{u, w), x) for all w gV . 
Inserting w = u and w = v, we obtain by the symmetry of Q 

{Q{v,v),x) ^ {Q{u,u),x), 



whence the map u 1— )■ —^Q{u,u) + 7 is quasi-constant. Condition (iii) of Proposi- 
tion [331 directly yields that 



u 1^ B'^{u) - j 



{X{0,u)fiid0 

U\\>s}nK 

is a quasi- monotone increasing linear map on K* . Finally, the quasi-monotonicity of 



u I— > 



'{m\>S}nK 

is a consequence of the monotonicity of the exponential map and supp(/i) C K. By 
dominated convergence, we have lim^^o — R{u) pointwisc for each u e K* . 
Hence the quasi-monotonicity carries over to R. Indeed, we have for all 6 > 0, 
{R^{v) ~ R^{u),x) > 0. Thus 

{R\v) - R\u), x) ^ {R{v) - R{u), x)>0 
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as J — > 0, which proves that R is quasi-monotone increasing. □ 



3.3. The Generalized Riccati Equations. — In order to prove the existence 
of affine processes for a given parameter set which satisfies the conditions of Propo- 
sition 13.81 and Proposition 13. 9[ we shall heavily rely on the following existence and 
uniqueness result for the generalized Riccati equations (|2.3ap and (|2.3b[) , where F and 
R arc given by (j2.4ap and (j2.4bp . Indeed, in the case of general proper convex cones, 
this allows us to prove existence of affine pure jump processes (see Section [3^ . In the 
particular case of affine processes on symmetric cones, which we study in Sectional 
we obtain, using Proposition 13.151 below, existence of affine processes for any given 
parameter set (see Section lOj) . 

For the analysis of the generalized Riccati equations (|2.3ap and (|2.3bp wc shall use 
the concept of quasi-monotonicity, as introduced above, several times. Indeed, the 
pr oof of Propositi o n 13.151 below is based to a large extent on the methods applied 



Cuchiero et al.l (|201ll Proposition 5.3) which rely on the following comparison 



result for ordinary differential equations (see IVolkmanrJ (|l973l )) 



Theorem 3.13. — Let U C V be an open set. Let / : [0, T) x [/ — > F be a continuous 
locally Lipschitz map such that f{t, ■) is quasi-monotone increasing on U for all t € 
[0,T). Let < to < T and g,h : [0,to) U be differentiable maps such that 
5(0) ^ /i(0) and 

dtg{t) - fit, git)) ^ dthit) - fit, hit)), 0<t<to. 

Then we have git) ^ hit) for all t e [0,to)- 

The following estimate is needed to establish the existence of a global solution 



of (|2.3bl) . Let us remark that a slightly stronger statement is proved in I Cuchiero et al . 
( 201ll ^^emma 5.2) for the cone of positive semidefinite matrices, which however uses 



the self-duality of the cone explicitly. 



Lemma 3.14. — Let R be of form (j2.4b[) for some Q, , 7 and fjL satisfying the 
conditions of Proposition\K^ (iv)-(vii). Then 



Riu) di B'^ iu) + J + fiiK n > 1}). 
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Proof. — Wc may assume without loss of generality that the truncation function x 
takes the form x{C) = l{||C||<i}^- Then, for all u £ K* , we have 
1 



R{u) 



-Q(u,m) + S^(m)+7- 



^n{||e||<i}.. 



-("■?> 



JKn{U\\>i} ^ ' 



>o 



< -\qM + + 7 + n {ll^ll > 1}) 
^i?^H + 7 + M(A'n{||e|| > 1}), 

where we use - /A-n{|ic|i>i} (^"^"'^^ - l) ^(^0 < /A-n{llc|l>i} /^(^O- □ 

Here is our main existence and uniqueness result for the generalized Riccati differ- 
ential equations p.3a[) - (j2.3bp . 

Proposition 3.15. — Let F and R he of form (|2.4ap and (I2.4bl) such that the con- 
ditions of Provosition \3.8\ and \3.9\ are satisfied. Then, for every u G K* , there exists 
a unique global R+ x K* -valued solution {(pyip) of p.3ap - (j2.3bp . Moreover, (f){t^u) 
and '>p{t,u) are real-analytic in (t,u) € R+ x K* . 

Proof. — Wc only have to show that, for every u G K* , there exists a unique global 
ii'* -valued solution ip of (|2.3bp . since is then uniquely determined by integrating 

Let u € K*. Since R is real-analyti c on K* (see, e.g. , lDufhe et al.l (|2003l Lemma 
A. 2)), standard ODE results (see, e.g.. lDieudonnel (|l969l Theorem 10.4.5)) yield that 
there exists a unique local i4r*-valued solution ip{t,u) of (j2.3bp for t e [O,too(w)), 
where 

t^{u) = lim mi{t > | \\ip{t,u)\\ > fc or ip{t,u) S ^A"*} < oo. 

It thus remains to show that tca(u ) = oo. Real-ana lyticity of ijj{t,u) and (f>(t,u) in 
{t,u) gR+x K* then follows from lOieudonnel (|l969i Theorem 10.8.2). 

Since R may not be Lipschitz continuous at dK* , we first have to regularize it. We 
thus define 

' ^ ^ (e-<"-«>-l + (e,u))Mrfe)- 

Kn{U\\<i} ^ ' 



R{u) 



Then R is real-analytic on V. Hence, for all u G V, there exists a unique local 
y- valued solution tp of 

av^(t,u) 



at 



RWt.u)), V(0,m) = m, 



for all t G [O,too(u)) with maximal lifetime 



too{u) 



lim inf{t > | \\tlj{t,u)\\ > k} < oo. 

k^oo 
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Consider now the normal cone of K* at m G dK* ^ consisting of inward pointing normal 
vectors, that is, 

Nk-{u) = {x K\{u,x) =Q}, M^O, 

and Nk*{Q) = K (sec. e.g., Hiriart-Urrutv and Lemarechall ( 1993 . Example 
III. 5. 2. 6)). The conditions of Proposition 13.91 thus imply that 

>o, 

for all X g Nk*{u). Since R is clearly Lipschitz continuous, it follows from [Walter 
1 19931 Theorem III.IO.XVI) that ^{t,u) € K* for all t < t^{u) and u G K* . 
Let us now define y satisfying 

^y^^B'^{y{t,u))+j, y{0,u)=u. (3.11) 

Then we have by Lemma r3.14l for t < too{u) 

= - Rm, ")) = ^ - B-ivit, u)) - 7 ^ ^ - n)). 

Volkmann's comparison Theorem 13.131 thus implies for all x Cz K 

{i^{t,u),x) < {y{t,u),x), t e [Ojaoiu)). 

As '0(i, u) lies in K* up to its lifetime, the left hand side is nonnegative for all x E K. 
By the very definition of the dual cone, we therefore have 

4^it,u) ^y{t,u), t e [O,loo(u)). 

Moreover, the affinc ODE p. lip admits a global solution. Since in finite dimensions 
any proper closed convex cone (in particular A'*) is normal, that is, there exists a 
constant » such that 

0^x^y^\\x\\<jK'\\y\\, 

we have 

\m,u)\\ <-fK'\\y{t,u)\\ <cxD. 

Hence we conclude that too(w) = 00 for all u G K* . 

Moreover, by Proposition 13.121 R is quasi-monotone increasing on K* . Hence 
another application of Theorem 13.131 yields 

^i'{t,u) di'ipit,v), t>0, foranO^M^w. 



Therefore and since ip{t, u) is also real-analytic in u. Lemma l3 . 2 1 implies that ip{t, u) G 
K* for ah {t,u) G K+ x K*. 

We now carry this over to ip{t^ u) and assume without loss of generality, as in the 
proof of Lemma l3.141 that the truncation function x takes the form x(0 = l{||C||<i}'?- 
Then 

R{u)-R{u)^-( fe-<"'«> - 1) /z(ciO ^ 0, u & K* . 
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Hence, for u e K* and t < tao{u), we have 

= — Ryipyt, u)) ^ — R{ip{t, u)) ^ — "))■ 



dt 



dt 



dt 



Theorem 13.131 thus implies 

■4){t,u)>i){t,u) e K*, te[o,t^{u)). 

Hence too{u) ~ limfe_j.oo inf{t > | > k}. Using again Lemma [3. 141 and the 

comparison argument with an afBue ODE of the form 



dyit,u) 
dt 



^B'^{y{t,u))+j + ^L{Kn{U\\ > 1}, y{0,u) = u, 



we conclude that too(u) = cx3, as desired. 



□ 



3.4. Construction of Pure Jump Processes. — For affine processes on gener- 
ating convex proper cones without diffusion component, that is, Q = 0, the existence 
question can be handled entirely as in the case of af hne processe s on th e canonical 
stat e space R!p x R"-" By following the lines of IPuffie etahl |2003l . Section 7) 
and ICuchiero et al.l (j201ll Section 5.3), we here prove existence of affine pure jump 



processes for a given parameter set, which satisfies the conditions of Proposition 13.8 
and Proposition 13.91 with the additional assumption Q ~ 0. 

We call a function / : K* ^ M of subordinator Levy-Khintchine form on K if 



Jk 

where b € K and m is a Borel measure supported on K such that 

iUW A l)m{dO < oo. 

K 

Recall that a distribution on K is infinitely divisible if and only if its Laplace transform 
takes the form e~-f^'^\ where / is of the above form. This means - similarly as in the 
case of M.+ - that Le v y pro cesses on proper cones can only be of finite variation. 
As in lDuffie et al.l (|2003( ). let us introduce the sets 

C := {/ + c I / : K* M. is of Levy-Khintchine form on K ,c € 
Cs {i^\u 1-^ {tp{u),x) e C forallxeK}. 



Th e following assertion can be obtained easily by mimicking the proofs of lDuffie et al 
(j2003l Proposition 7.2 and Lemma 7.5). 

Lemma 3.16. — We have, 

(i) C, Cs are convex cones in C{K*). 

(ii) (t> & C, tl' e Cs imply (j>{tl^) £ C. 

(iii) tp, ipi G Cs imply V'i(V') e Cs- 
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(iv) If (t>k G C converges pointwise to a continuous function (j) on K* , then (j) £ C and 
(f) has a continuous extension to K* . A similar statement holds for sequences 
in Cs- 

(v) Let R he of form (j2.4bp and let he defined as in p.lO[) such that the involved 
parameters satisfy the conditions of Proposition \ 3.9l Then R^ converges to R 
locally uniformly as 5 — > 0. 

Proposition 3.17. — Let F and R he of form (|2.4ap and (|2.4b|) such that the in- 
volved parameters satisfy the conditions of Proposition \3.8\ and \ 3.9[ Then, for all 
t > 0, the solutions {(j){t, ■),-)p(t, ■)) of (P3a|) and ([23b)) lie in (C,Cs). 

Proof. — Suppose first that 

(IICII A 1) < for all A'. (3.12) 
Then equation (j2.3b|) is equivalent to the integral equation 

ij{t,u) = e^^'{u)+ / e^^(*-")(i?(V'(s,u))ds, (3.13) 



K 



where R{u) — R{u) + [u) and e ^{^) is given by 

B-^iu) ■.= B'^{u)^ I {x{0,u)tiidO. 
Jk 

Here, e^^*(u) is the notation for the semigroup induced by dty{t,u) = B^ {y{t,u)), 
y{0,u) = u. Hence the variation of constants formula yields p.l3p . 

Due to Proposition [2111 (iii) B^ is a linear drift which is "inward pointing" at the 
boundary of K* . This in turn is equivalent to the fact that * maps K* into AT*. 
Therefore * £ Cs and since R{u) is given by 

i?(u) = 7 - / (e-<"^«> - iMdO 
Jk 

with /i satisfying (|3.12p . we also have R £ Cs. 

By a classical fixed point argument, the solution il>[t^u) is the pointwise limit of 
the sequence {tp^''\t,u))keN, for it,u) <E x K* , obtained by Picard iteration 

ip^^\t,u) :== u, 
i^('=+i)(<,u) :=e^^*(u)+ / e^^(*^^)(i?(V(^)(s,u))ds, 



and due to Lemma [3.161 (i) and (iii), ip'^^^t, ■) lies in Cs for all fc S N. In view of 
Lemma [3.161 (iv), the limit V'(^, ■) thus lies in Cs as well and there exists a unique 
continuous extension of i/' on M+ x K* . Since F G C, we have by Lemma r3.16l (ii) 



0(t,-)= / F{^{s,-))ds£C. 
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By applying Lemma 13.161 (v)[ the general case is then reduced to the former, since 



^l{||j||>a} clearly satisfies p.l2p . □ 

We arc now prepared to prove existence of affinc processes on generating convex 
proper cones under the additional assumption Q = 0: 

Proposition 3.18. — Suppose that the parameters (Q = 0,b, B,c,j,m, fi) satisfy 
the conditions of Proposition \3.8\ and Proposition \S.9l Then there exists a unique 
affine process on K such that (|2.ip holds for all {t,u) G K+ x K* , where (f>{t,u) and 
ip{t, u) are solutions of (j2.3ap and (j2.3bp with F and R given by (p:ia|) and ([233). 

Proof — By Proposition lXTTl •), ipit, •)) lie in {C,Cs). Hence, for all t € R+ and 
X € K, there exists an infinitely divisible sub-stochastic measure on K with Laplace- 
transform e~'^'*'")~^'^^*'"''^^ Moreover, the Chapman-Kolmogorov equation holds in 
view of the flow property of and V', which implies the assertion. □ 



4. Parameter Conditions on Symmetric Cones 

We will now considerably strengthen our assumptions on the conic state space K 
and assume that K is a symmetric cone. This allows us to refine the conditions 
found in Proposition 13.81 and Proposition 13.91 such that we finally obtain conditions 
which guarantee existence of affinc processes on symmetric cones. The focus lies in 
particular on the bilinear form Q corresponding to the linear diffusion part, on the 
linear jump coefficient ^ and on the constant drift part b. We he re build on the 



result s obtained in the se tting of positive semidcfinite matrices (see ICuchiero et al 



( 201lr ) . iMaverhofen (|2011l )'). while utilizing to a larger extent the algebraic structure 
of the underlying Euclidean Jordan algebra. 

Throughout this section we always suppose that X is an affine process on some 
irreducible symmetric cone K and V denotes the associated simple Euclidean Jordan 
algebra of dimension n and rank r, equipped with the natural scalar product 

{;■) -.V xV ^R, {x,y) -.^trixoy). 



For the notion of the rank r and the trace, denoted by tr, we refer to Appendix lA.ll 
We shall also use the Peirce invariant d corresponding to the dimension of Vij, i < j, 
as defined in (|A.7[) . In our case of a simple Euclidean Jordan algebra, we then have 
r{r — 1). For the precise definition of these notions we refer to Appendix \X\ 



n ~ r - 



4.1. The Diffusion Coefficient in Euclidean Jordan Algebras. — The next 
proposition establishes a direct relation between the bilinear form Q satisfying the 
condition of Proposition 13.91 and the quadratic representation of V. For its proof 
we use the Peirce and spectral decomposition of an Euclidean Jordan algebra, as 
introduced in Appendix IA.21 



AFFINE PROCESSES ON SYMMETRIC CONES 



31 



Proposition — Let V be a simple Euclidean Jordan algebra of rank r and let 
Q : V X V ^ V be a symmetric bilinear function with Q(v,v) G K for all v Cz V . 
Then Condition (i) of Provosition [XPl that is, 

{x, Q{u, v)) ~ for all V Cz V and u,x € K with {u, x) = 0, (4-1) 

is satisfied if and only if 

Q{u, u) = 4:P{u)a. 

Here, P{u) is the quadratic representation of the Jordan algebra V , defined in (j2.7p 
and a £ K is determined by Aa — Q{e, e). 

Proof. — We first assume that (|4.1[) is satisfied. Let u £ V he fixed. Then there 
exists a Jordan frame pi, . . . ,pr (see Appendix IA.2I for the precise definition) such 
that its spectral decomposition is given by u = ^iPi- 
As pi + ■■■+ pr = e, we can write Q{e, e) as 

g(e, e) = Q{pi,pi) + Qip2,P2) + ■■■ + Q{Pr,Pr) + J2 ^QiP^'Pj)- (4-2) 

i<j 

We now show that (|4.2p is precisely the Peirce decomposition of Q{e, e) with respect 
to the Jordan frame pi,...,pr. More precisely, we show that Q{pj,pj) € Vjj and 
Q{pi,Pj) € Vij for each i,j e {1, . . . ,r}. 

Let i ^ i, then clearly {pi,Pj) = 0. From (j4.1[) we deduce that 

(p„g(p„p,)) =0. (4.3) 

But Q{pj,Pj) € K such that we can conclude using Lemma lA.5l that Q{pj,Pj)°Pi — 0. 
Keeping j fixed, we can subtract these equalities from 

QiPjiPj) ° e = Q{pj,P3), 

running through all i ^ j, and we arrive at Q{pj,pj) o pj = Q{pj,pj). This shows 
that Q{pj,Pj) e V{pj,l) = Vjj for aU j e {1, . . . , r}. 

Let now i,j,k be arbitrary in {1, . . . , r}, but all distinct. Using again ()4.ip . we see 
that {pi, Qipk +PjiPk+Pj)) = 0, and from Lemma [A. 51 it follows that Q{pk +Pj,pk + 
Pj) ° Pi = 0. Thus 

Q{Pk,Pj)°Pi = ^ {Q{Pk +P3,Pk +P])opz - Q{Pk,Pk)opi - Q{P],P])°Pi) 

for any distinct i,j,k G {!,..., r}. Keeping now k and j fixed, we can subtract 
the equalities Qipk,Pj) o Pi = from the equality Q{pk,Pj) o e = Q{pk,Pj), running 
through all i distinct from both j and fc, and obtain Q{pk,Pj) ° (Pfc +Pi) = QiPk,Pj)- 
For symmetry reasons we must have Q{pk,Pj) ° Pk ~ QiPkiPj) ° Pj and wc thus 
conclude that 

Q{Pk,Pj)opk = Q{Pk,Pj)oP] = -Q{pk,Pj)- 
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Equivalcntly, Q{pk,Pj) G V{pk,l/2) n V{pj, 1/2) ~ Vkj- Hence we have shown 
that (|4.2p is the Peirce decomposition of Q{e,e) with respect to the Jordan frame 
Pi,--- ,Pr- 

Define := Q{e,e). As the projection onto Vu is given by the quadratic repre- 
sentation P(j>i) and the projection onto Vij by 4:L{pi)L{pj), we can write Q{pj,pj) = 
4P{pj)a and 2Q{pi,pj) — 16L{pi)L{pj)a. Therefore, 



Q{u,u) AiQ(pi,pi) H h XlQ{pr,Pr) + ^2A,Aj(5(pj,Pj) 

i<j 

= 4 XlPipi)a + --- + \lP{pr)a + kXj'iL{p,)L{p,)a 



i<j 



:4P A,P, 



\i=l / 

= AP{u)a, 

and we have shown the first imphcation. 

Concerning the other direction, let Q be given by Q{u,u) = 4P(u)a for some 
a Cz K . Using polarization, we then get 

Q{u, v) = 2 {P{u + w) - P{u) - P{v)) a = 4P(w, v)a. 

Take now some x,u E K such that (a;, it) = 0. By Lemma lA. 51 (ii), we have uo x ~ Q 
and consequently 

{x, u^) = {x o u,u) ~ 0, 

which in turn implies o x = 0. The definition of the quadratic representation thus 
yields 

{P{u)a, x) — (a, P{u)x) = (a, 2u o {u o x) — v?' o x) = 0. 



Since L{x) and L{u) commute, which is a consequence of iFaraut and Kor anvil (11994 



Proposition II. 1.1 (i)), we similarly get (P(it + v)a, x) = {P{v)a,x). This proves the 
assertion. □ 

4.2. Linear Jump Behavior in Euclidean Jordan Algebras. — In this section, 
we show that the linear jump coefficient /i satisfying Condition (vii) of Proposition l3.8l 
and Condition (ii) of Proposition [?75 | necessari l y integ rates (||'^|| Al) if r > 1 and d > 0. 
The proof is based on an idea of iMaverhofeii (|2011r) . who showed the corresponding 
result for positive semidefinite matrices. 

Proposition 4-2- — Let V be a simple Euclidean Jordan algebra with rank ?' > 1 
and Peirce invariant d > 0. Suppose that fi is a K-valued a-finite Borel measure on 
K satisfying /^({O}) = and 

M){x,n{dC)) < oo, for all x € K. 

K 
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Then Condition (ii) of Proposition\J73[ that is, 

(x(Oi ^) (^1 MC'^f )) < /o*^ '^^^ u,x G K with (it,x) = 0, (4-4) 



IK 

implies 

/ (ll^ll A < oo, forallxeK. 

Remark 4- 3. — It follows from the above proposition that only in the case o/ R+ 
and the two-dimensional Lorentz cone, jumps of infinite total variation are possible. 
In all other cases we could now set the truncation function x to be and adjust the 
linear drift accordingly. However, in order to cover all irreducible cones, we shall keep 
the truncation function in the sequel. 

Proof. — Let pi, . . . ,pr be a fixed Jordan frame of V . Corresponding to the Peirce 
decomposition (|A.7p . we ean write for every z gV 

r 

Z = ^ZiPi + ^Zij, 

i—1 i<j 

wliere Zi g M and z.y € Vij. Hence, for the iiT- valued measure /x, we define positive 
measures /i^, i G {1, . . . , r}, and for i ^ j, Vij-vabied measures i^ij. Consider now, for 
some i j, elements of the form 

X ^ Pt + Pj + w, u= p, + p-j - w, 

with w G Vij such that — 2. He re the assumption r > 1 a nd d > enters, as 

we require pi ^ pj and w ^ 0. Due to (jParaut and Kor anvil ll994L Proposition IV. 1.4 
and Theorem IV. 2.1), x,u G K and we have additionally {u, x) = 0. Assume without 
loss of generality that x(^) = 1{||{|[<1}C- Since for every y £ K, (j/,/x(-)) is a positive 
measure supported on K , we have by (j4.4p 

o< / {i,u){x,^l{dO) <oo. 



0< / {^,x){u,^i{di)) <oo. 

Thus there exists a positive constant C such that for all (5 > 



o< / {^„u){x,^i{d^,)) <c, (4.5) 

J{(5<||C||<1} 

0< / {i,x){u,^i{dO) <C. (4.6) 

J{(5<||4||<1} 
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Summing up (j4.5|) and (|4.6p and using the orthogonality of the Peirce decomposition, 
then yields 



< 



{<5<II?II<1} 



{'5<||«||<l} 



- ^{C^J.w){w,fl,,idO)+^J^^^{dO ] < 2C. (4.7) 



Since ^ is a i^T- valued measure on K, we have bv lFaraut and Koranvil (|1994 Exercise 
IV. 7 (b)) and the assumption WwW^ = 2 

which implies that both integrals in (|4.7p are nonnegative. We can therefore conclude 
that both of them are finite: 



< 
< 



{'5<II?II<1} 



'{'5<iieii<i} 

Moreover, as {pi,Pj) = for z 7^ j, we have as a direct consequence of (|4.4p 



< 



{I1CII<1} 



{^,P^){pJ,KdC)) 



{iieii<i} 



As above, there thus exists a positive constant Ci such that for all (5 > 

^i^i^{d^) <Ci, i^j. 



'{s<U\\<i} 

Subtracting (|4.1ip from (|49l) . then yields for aU J > 

1 



-2C < 



'{'5<iieii<i} 2 

By (|4.8|) . we therefore have for all S > 



{S,,j,w){w,n,j{dO) < 2Ci 



< 



{^^fiM)+^jf^iidO) <2{C + C\ 



'{s<m\<i} 

Together with (|4.10p . this implies for all i G {1, . . . , r} 



< 



{I1CI1<1} 



iifJ-iid^) < 00. 



This then yields 



(ll^ll A l)(a;,/x(ciO) < 00, for all a; € JC, 



K 



and proves the assertion. 



(4.8) 
(4.9) 

(4.10) 
(4.11) 



□ 
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4.3. The Role of the Constant Drift. — This section is devoted to show that 
the constant drift term b, as defined in Proposition l3.8l (i) of any affine process X on 
an irreducible symmetric cone K necessarily satisfies 

where a is defined in Proposition 23] Recall that d denotes the Peirce invariant and 
r the rank of V. 

Before we actually prove this result, let us introduce some notation. We shall 
consider the tensor product V <SS)V* , which we identify via the canonical isomorphism 

{u (8) v)x ~ {x, v)u, X Cz V, 

with the vector space of linear maps on V denoted by C{V). Moreover, for an element 



A e C{V), we denote its trace by Tr(A).l(^ Observe that Tr(A(u ® u)) = {u,Au 



Indeed, by choosing a basis {ep} of V, we have 

ep, {u ® u)ei3) 

P 
P 

= ^{u,ep){A^ efi,u) 
= (u. All). 

Let now A : K ^ Sj^{y) C be the linear part of the diffusion characteristic, 

as introduced in (j3.6p . Recall that the symmetric bilinear function Q was defined 
via (|3.9p . that is, 



Tr(A(x)(u (g) m)) = {u,A{x)u) ^ {x,Q{u,u)). 
As shown in Proposition 031 we have Q{u, u) ~ 4:P{u)a for some a e -ftT. Hence 

Ti{A{x){u (g u)) = {u, A{x)u) = 4:{x, P{u)a). (4.12) 



Following iFaraut and Koranvil (|l994 Section XIV. 1), we now define a second order 
differential operator D on C'^{V) for this expression, that is. 



ox 



a 



As usual, the polynomial u i— >■ aD{x,u) = 4:{x, P{u)a) , whose coefficients are linear 
functions in x, is called symbol ao of the differential operator D and we have 



2. In order to distinguish between elements of V and linear maps on V, we use the notations 
Tr(yl) and Dct(j4) for A £ CiV) and tr(x) and det(a;) for elements in V (compare Remark lA.lt . 
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Let US finally introduce the following integro-differential operator for (complex- valued) 
C^(i^)-functions. 

■^^4-]] fU + {b + B{x),yf{x)) - (c + (7, x))f{x) 



Af{x) = - Tr ( A{x 



K 



dx dx 



K 



-0-/(2:)-(x(0,V/(x)))(x,A*(dO), 

(4.13) 

where A{x) satisfies (|4.12p . The other parameters are specified in Proposition l3.8l and 
are supposed to satisfy the conditions of Proposition 13.91 and Propsition 14.21 Note 
that for the family of functions {e~'>"-^^ | u e A'} this expression corresponds to the 
pointwise i-derivativc of Pte~^'^'^'^ at i = 0. This is simply a consequence of the form 
of F and R, since 



lim 

40 



te 



- {u,x) 



-(u,x) 



= i-F{u) - (i?(u),x))e-<"'^> = yte-<"'^> 



for every x G K. 

The followi ng lemma is pr o ved b y means of the Levy-Khintchinc formula on R+ 
similarly as in lCuchiero et al.l (|201ll . Lemma 4.15) and is related to the positive max- 
imum principle for the operator A. 

Lemma 4 ■4- — Let X be an affine process on K with constant drift parameter b and 
linear diffusion part Q, as defined in Provosition \3.8\ (i) and (iv). Moreover, suppose 
that Q satisfies Q{u, u) — 4:P{u)a for some a € K . Then, for any y S dK , we have 



(6,Vdet(y))+2(y,P 



1 



det I 



= (&,Vdct(y)) + -Tr(A(y)(-®- 



d 



d 



(4.14) 



det \y > 0. 



Here, det{y) denotes the determinant of an element y G V , as defined in Ap- 
vendix VA.li and A[x) is the linear part of the diffusion characteristic, which satisfies 

Tt{A{x){u ® u)) = (w, A{x)u) = {x, Q{u, u)) ^ 4(a;, P{u)a) (4.15) 

for all u,x Cz K . 



Proof. — We follow the proof of ICuchiero et al.l (j201ll Lemma 4.15). Let y £ dK 
and let / e C^{V) be a function with f > {) ox\ K and f{x) = det(x) for all x in 
a neighborhood of y. Then, for any v G M+, the function x 1— )■ (e"'"-^^^^ — 1) lies in 
C'^{V), hence in particular in 5„, the space of rapidly decreasing C°°-functions on 
V . As the Fourier transform is a linear isomorphism on 5„, we can write 



-■"fiv) 



1 = 



giq)dq 
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fo r some g €z Sn- As a conse quence of ICuchiero and TeichmannI (|201ll . Theorem 6.4) 



or 



Keller-Ressel et al.l (|201ll Theorem 3.10) and Remark 1 2. 21 we obtain by dominated 



convergence 



lim^^ '-=dt\t^^Pt{e'-'^^y^ -1)= / dt\t^^Pte'^'''y'> g{q)dq 

t^O C Jy 



{-F{-iq)-{R{-iq),y))e'^'^^y'>giq)dq 
Ae'^'^^y^ giq)dq = y^(e-^/(^) - 1), 



V 



where A is defined in (|4.13p and thus satisfies {—F{—iq) — iq), a;))e'^'?'^^ 

_4e'<9^^) . Hence the hmit 



^(g-^/te) _ 1) = linii [ (e-^-^t^) - l)pt(2/,dO 
tio t J 



1 r ^ (4-16) 

lim- / (e— -l)p{(y,dz), 



exists for any v S R_|_, where p{(y, dz) = f*pt{y, dz) is the pushforward oipt{y, •) under 
/, which is a probabihty measure supported on R+. Using the same arguments as in 
the proof of Proposition l3.8l we see that, for every fixed t > 0, the right hand side of 
(|4.16|) is the fogarithm of the Laplace transform of a compound Poisson distribution 
supported on with intensity 1/t and compounding distribution p({y,dz). The 
pointwise convergence of (|4.16p for t — > to some function being continuous at 
imphes weak convergence of the compound Poisson distributions to some infinitely 
divisible probability distribution supported on R+. Its Laplace transform is then 
given as the exponential of the left hand side of (|4.16l) . 

Using now f{y) = and the form of A given by (j4.13p . we have 



v^A{e-''^'^y> -I) 
= 2v' {y, P(V/(y))a) -2v(y,p(^]a) f\ 



dx ^ 

v{b + Biy), Vf{y)) + ^ [e-f'^v+O - l) m{d^) 



(4.17) 



K 
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Note now that Wf{y) = W dct{y) and that (V dct(y), y) = such that the Admissi- 
biUty Conditions (ii) and (iii) of Proposition [3751 imply 



(3) 



(x(0,Vdet(y))(y,A.)(dO < 



K 



and 



Bo{y) = (y,S^(Vdct(y))) ~ [ Vdct(y))(y, > 0. 

JK 

By the Levy-Khintchine formula on M+, {y, P{S/ f{y))a) has to vanish, which is the 
case due to Proposition 14. 1 1 and the fact that (Vdet(y),?/) = 0. Moreover, the coeffi- 
cient of V in (|4.17p has to be non-positive, that is, 

2(y,p(4z)c)f\y + {b + Biy),Vfiy))- [ V/(y)) (y, a^) (d^ > 0. 



dx 



K\{0} 



Observing that y t-^ So(y) is a polynomial of degree r, being positive for every y e dK, 
and that the polynomial 



(6,Vdet(y)) +2^y,P 
is of degree r — 1, we obtain equation (|4.14p . 



det I 



□ 



Proposition 4- 5. — Let X be an affine process on K with constant drift parameter 
b € K and diffusion parameter a € K, which, defines Q{u,u) through Q{u,u) = 
4P(u)a. Then 

btd{r- l)a, 

where d denotes the Peirce invariant and r the rank of V . 
Proof. — From Lemma 14.41 we have the necessary condition 



(6,Vdet(y)) + -TrL4(y) 



d_ d_ 

dx dx 



det |y > 



for any y £ dK. For x £ K wc can calculate the left hand side. Since Vdet(a;) 
Ai 

dt ' 



det(a;)a; ^ and -^{x + tu) ^\t=n = —P{x (see Proposition IA.6I fv) and (iii)), we 



have 



1 



{b, V det(x)) + - Tr ( A{x) ( — ® — ) ) det U 



d d 



det{x) ({x-\b) + ^Tr{A{x) (x'^ (» x'^)) - ^Tr {A{x)P (x-^))^ . 



3. By Proposition 14.21 we have llx(5) II (j/i A'('^S)) < oo if r > 1 and d > 0. This means that 
the above argument using (V det(j/), j/) = is only relevant in the two-dimensional Lorentz cone. 
Observe that for K = R_|. , y = anyway. 



AFFINE PROCESSES ON SYMMETRIC CONES 



39 



Using (|4.15p . Proposition lA. 61 fi) and Lemma below, we thus obtain 
det(a;) (^{x^^,b) + 2 (x, P (x^^) a) - ^ Tr {A{x)P (x^^)) 

= det(x) (^{x-\b) + 2 {x-\a) - 2^ a)) 

= dct(x) {{x-^,b) - d{r - 1) a)) 
= dct(a;) (x-~\6- (i(r- l)a) . 

As dct{y)y~^ is also well-defined on dK as derivative of dct(j/), Condition (|4.14p 
implies 

b)^d{r- \)a. 

□ 

The following lemma is needed in the proof of the above proposition and allows us 
to express Tr {^A{x)P in terms of a. 

Lemma 4-6. — Let V be a simple Euclidean Jordan algebra of rank r and with scalar 
product {x, y) = tr(a; o y) and let A{x) be defined by ()4.15p . Then 

.n 
r 

for any invertible x £ V . 



Tr {A{x)P (x-i)) = 4- {x~\a) (4.18) 



Proof. — Let pi, ... ,pr he Si Jordan frame of V. Then the spectral decomposition of 
an arbitrary element x is given by a; = ^iPij ^^id P{x^^) can be written as 

r 

P (x-1) = J2 K^PiP.) + E 4A,riATiL(p,)i(p,). (4.19) 

Let now {e^} be an orthonormal basis of V , where the basis elements are chosen 
to lie in the subspaccs corresponding to the Peirce decomposition, as described in 
Section [A. 21 More precisely, for each i £ {1, . . . , r}, we choose one basis element in 
Vii, which is in fact pi, and for each i < j, we choose d basis elements in Vij, since 
the dimension of Vij is d. 

By the definition of the trace Tr, we have 

Tr {A{x)P{x-^)) = E {A{x)e0,P{x-^)e^) . 

In order to evaluate P(x"^)e^, we shall use 

Vii = {x & V\ L{pk)x = 5ik,x}, 

Vij = \x \ L{pk)x = i((5ifc + 5jk)x 
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as derived in the proof of iFaraut and Koranvil (|l994 , Theorem IV. 2.1). This imphes 

for ep e Vij, i < j, 



(4.20) 



and hence for k < I, 

L{pi)L{pk)efj = 



jep, if ep e Vku 
0, otherwise, 



6/3, if ep e Vfcfc, 
0, otherwise. 



Note that this is obvious, since P{pk) and 4L{pi)L{pk) are the orthogonal projections 
on Vkk and Vki respectively (see Section El2|) . 

Let now ep G Vij for some i < j be fixed. Then, using (j4.19p . the hnearity of A 
and (|4.15p . we obtain 



{A{x)ep,P{x-')ep) 



lY,\kA{pk)ep,\ ^Aj. ^ep 

\k=l I 
r 

J2^kX7'Xj'i{P{ep)pk,a} 



fc=i 



= 2((A-V,«) + (A7V„a)) 



Here, the last equality follows from 

P{ep)Pk 



-ASikPj + SjkPi 



(4.21) 



(4.22) 



for ep e Vij, i < j- For e g € Va, (14.221) is simply a consequence of (j4.20[) and for 
ep e Vij,i < j, we have bv lFaraut and Koranvil (| 19941 . Proposition IV. 1.4 (i)) 

P{ep)Pk = o {Sikc + Sjke - pk) = ]^{pi + Pj) o {Sik.e + SjkC - Pk), 
which then yields (j4.22p . By summing over all basis elements, we deduce from (j4.2ip 



TV {Aix)P {x-')) = ^ ( 1 + -(r - 1) ) 4 (A" V, «) = ^4(.t-\ a). 



where the last equality follows from the fact that n — r + ^r{r — 1). 



□ 



5. Construction of Affine Processes on Symmetric Cones 



Throughout this section we use the same setting as in the previous one, that is, 
we suppose that is a simple Euclidean Jordan algebra of dimension n and rank 
r and K is the associated irreducible symmetric cone. As before, we assume that 
the scalar product on V is defined by (a;, y) = tr(a; o y) and the Peirce invariant d 
corresp onds to the dimension of V n, i < j, as defined in Appendix ()A.7p . Again we 
refer to iFaraut and Koranvil (|l994[ ) and Appendix |^ for results on Euclidean Jordan 
algebras. 
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5.1. Construction of AfRne Diffusion Processes. — The aim of this section 
is to establish existence of afiine diffusion processes for the following admissible pa- 
rameter set (a, (5a, 0, 0, 0, 0, 0) with S > d{r — 1). To this end we consider the Ric- 
cati equations for (f> and ip associated to these parameters and show that, for every 
{t,x) £ M+ X K, e~'^(*^")~<'''(*'")'^) is the Laplace transform of a probability distribu- 
tion supported on K. It will turn out that this probability distribution corresponds 
to the non-central Wishart distribution in the case of positive semidefinite matrices. 
The existence of such affine diffusion processes then follows from the semi-flow prop- 
erty of (/) and Ip, which yields the Kolmogorov-Chapman equation for the transition 
probabilities and thus the Markov property. 

5.1.1. Explicit solutions for the Riccati equations. — We start by establishing explicit 
solutions for the Riccati equations associated to the parameter set [a, 5a, 0, 0, 0, 0, 0) 
with (5 € R+. 

Lemma 5.1. — Let a Cz K and S G M+. Consider the following system of Riccati 
differential equations for u £ K and t £ ]R-|_ 

=-2P(?A(i,w))a, V(0, w) = w e if, (5.1) 



dt 
d(j){t, u 



^ {5a,i;{t,u)), 0(O,u)=O. (5.2) 



dt 

Then the solution is given by 

il;{t,u) ^ {u^^ +2tay\ (5.3) 
(l){t, u) = - In dct (e + 2tP{^/a)u) . (5.4) 

Moreover, u H> Tp{t,u) and u i— 4>{t,u) are continuous at u = for all t G M+ with 
(j){t,0) =0 anrf V(i,0) =0. 



Proof. — Using 



— {x + tv)-^ = -P{{x + tv)-^)v, 
dt 



which follows from Proposition lA. 61 (iii) one easily verifies that ip{t, u) given by (|5.3p 
satisfies (j5.1[) . Concerning (l){t,u), let us first show that 



det(u) dct(u"^ + 2ta) = dct (e + 2tP{^/a)u) 



(5.5) 
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Indeed, we have by Proposition lA. 61 fi) (iv) and Proposition lA. 31 



det(u) det(w"^ + 2ta) = det(M) det (^P^Vtr^) (e + 2tP{y/u): 
= det(w) det(M"i) dot (e + 2tPiy^)a) 
= det{uu^^) dot (e + 2tP{y/u)a) 
= det (e + 2tP{s/u)a) 
= det (e + 2tP{^/a)u) . 
The last equaUty follows again from Proposition IA.6l|(iv)[ which implies 
Aei{P{y/u)a) = det(u) dct(Q;) = Act{P {y/a)u) . 

Hence (j){t^ u) can be written as 

S 6 

(p{t,u) = -lndet(7i) + -lndet(M"^ + 2to). (5.6) 

Using expression (|5.6|) for (f>{t,u) and V In dot a; = yields 

d(l>it,u) 



l^-{u-^ + 2tay\2o^ = {5a,^{t,u)), 



dt 

and shows that (15.41) solves (15.21). □ 



Let now ip{t, u) and u) be given by (|5.ip and (|5.2p and consider 

/:f "'"H := e-*(*^")-<'^(*>")^-> = det (e + 2tP{^)u)~^- e-<(""'+2*")-'.-> 
for u G K. We shall now prove that for every t E and a,x E K 

(5.7) 

is the Laplace transform of a pr obability measure on K if S > d{r — 1). In the 
case K = S"^, this is implied by iLetac and MassamI (|2004 Proposition 3.2), which 
asserts that corresponds to the Laplace transform of the non-central Wishart 

distribution. The proof is based on the density function of this distribution, which 
exists for 5 > (r — 1) and a G 5^"*". As such a result is not available for general 
symmetric cones, we here establish the form of the density corresponding to £.f"'^. 
This then yields a generalization of the non-central Wishart distribution on symmetric 
cones and an explicit form of the Markov kernels corresponding to the afRne diffusion 
processes, associated with the parameter set (a, (5a, 0, 0, 0, 0, 0), for 5 > d{r — 1) and 
aG k. 

5.1.2. Central Wishart Distribution. — We start by anal yzing the case a: = , which 
co rresponds to the central W ishart distribution (see, e.g.. lLetac and MassamI ([200J) 



Massam and Neheii (jl997l )). Indeed, the following proposition states that for par- 



or 

ticular values of 5, the expression 

g-0(t,«) = det(e + 2tP{y/^)u)-i 
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can be recognized as the Laplace transform of the central Wishart distribution with 
shape parameter | and scale parameter 2ta. In the case S > d{r~ 1) and a G K, this 
distribution admits a density, whose form is explicitly given. 

Proposition 5.2. — Let (f>(t,u) be given by (|5.2p and consider 

/:f "(m) := e-^(*^") = det (e + 2tP{^)uy^ . 
If 5 belongs to the set 

G = {0, d, . . . , d(r - 1)} U ]d{r - 1), oo[ , 
then, for every t G R-|_ and a £ K, u £('"(u) is the Laplace transform of a 
probability measure W^^'" on K. Moreover, if S > d[r — 1) and if a £ K, then W^^'" 
admits a density, which is given by 



1 



■det 



2t 



'«) det(e)i- 



(5.8) 



where Tk denotes the Gamma function of K (see Faraut and Kordnvl { 199A . Section 
VILl)). 

Proof. — By iFaraut and Koranvil (|l994 , Theorem VII. 3.1 and Proposition VII. 2. 3), 
det(u)~2 is the Laplace transform of a positive measure if and only if (5 e G. 
This is equivalent to the fact that det(u)~2 is a function of positive type (see, 
e.g.. lFaraut and Koranvil (|l994 page 136)), that is, 

N 

det(iii + Uj)~^CiCj > 
for all choices of ui, . . . , wat G K and complex numbers ci, . . . , cat. For every t G M_|-, 

S a — - 

Cf^iu) — det (e + 2tP{^/a)u) ^ is therefore also a function of positive type and hence 
the Laplace transform of a positive measure if (5 G G. Since £('"(u + v)< £f"{u) for 
all u,v £ K, the measure is supported on K. As £^'"(0) = 1, the measure is actually 
a probability measure. 

Concerning the second assertion, we have bv lFaraut and Koranvil (jl994l Corollary 
VII. 1.3) and Proposition [AJj|(iv)| 



det(0^-"de = rA' 



K 



det 



det 



det 



2t 

>(V^i) 



2t 



{2tP{^/a)u + e) 



2t 



det (e + 2tP{y/^)uy 



The definition of the density of Wj^ ' then yields the assertion. 



□ 
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Remark 5.3. — (i) Analogous to the cone of positive semidefinite matrices, one 
can define the central Wishart distribution W^'" with shape parameter 



d{r - 1) 



U 



d{r-\) 



-, oo 



and scale parameter a Cz K on a symmetric cone by its Laplace transform which 
takes the form stated in Proposition \5.S\. that is, 



f e-^'^'^^W^'^idO = det (e + P{V^)i 
Jk 



(see, e.g.. \Massam and Nehen 1199% Corollary 3)). 

(ii) If p = k^,k <E {l,...,r — 1}, then the Wishart distribution is supported on 
th e set of elements in K whi ch are precisely of rank k. This is a consequence 
o uFaraut and Kordnvi Hi 99 A . Proposition VII. 2. 3). 



5.1.3. Non-central Wishart distribution. — In order to formulate Proposition 15.51 
below, where we establish the form of the density function of the non-central Wishart 
dist ribution on a symmetric co ne, let us introduce the so-called zonal polynomials 
(see lParaut and Koranvil (|l994l . Section XI.3, p. 234)). 



Definition 5-4 (Zonal Polynomials). — For each multi-index m = (mi, . . . , m^) S 
N*" with length |m| := mi + • • • + nir, we consider the generalized power function 
defined by 

where Ai denotes the principal minors corresponding to the Jordan subalgebras V^^^ = 
V{pi -\- . . . +Pj, 1) with pi, . . . ,pr some fixed Jordan frame. The m*'* zonal polynomial 
is now defined by 



Am(oe)do, 



oeo 



where dO is the normalized Haar measure on O and O — G D 0{V), where G is the 
connected component of the identity in the automorphism group of K and 0{y) the 
orthogonal group of V . Moreover, uim denotes some positive normalizing constant 
such that 

|m|=fc 

We arc now prepared to show that is the Laplace transform of a probability 

distribution if (5 > d{r — 1). As before this distribution is absolutely continuous with 
respect to the Lcbcsguc meas ure ii a & K and 5 > d (r — 1). In order to prove 
that, we generalize a result by iLetac and MassamI (|2004l ) on the density function of 
the non-central Wishart distribution on positive semidefinite matrices to symmetric 
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Proposition 5.5. — Let ili{t^u) and (pit, u) be given by (jS.ip and 



and consider 



det {e + 2tP{y/^)i 



for u Cz K . Then we have: 



2 g-((u '+2ta)- 



(i) If S > d{r — 1), then , for every t G K^o o.'^d a,x £ K, u i— > £f"'^(it) is the 



Laplace transform of a probability measure ' 



on K . 



(ii) If 5 > d{r — 1) and if a £ K, then W^'"^'^ admits a density, which is given by 



= (0 =dct 



2t 



det(e)= 



(5.9) 



1k(C), 



,^>o |m|!r^(m+f) 

where V k demotes the Gamma function of K ( see \Faraut and Kordnvl 1 199. 
Section VIL 1)) and the zonal polynomials introduced in Definition \5.J\ 



(iii) Let (5 > d(r - 1). // a G dK , then 
respect to the Lebesgue measure. 



is not absolutely continuous with 



Proof. — Let us first prove (ii) by applying similar arguments as in lLetac and Massam 
(|2004l ). We start by showing that W^^'"'^ , as given in (|5.9p . is a well-defined positive 
measure. Concerning the convergence of 



E 

m>0 



Z^{^P{V^)P{a-')^) 
|m|!rA-(m+f) 



(5.10) 



we can estimate F^f (m + |) due to lFaraut and Koranvil (|1994 Theorem VII. 1.1) by 



m + - > (2^) — (minr(z))'- =: M, 

where F de notes the Gamma function on M. This implies convergence of (|5.10p . since 
we have bv lFaraut and Koranvil (|l994l Proposition XII.1.3(i)) 



det(e*) = e 



E 

m>0 



^m(e) 



(5.11) 



for every ^ G K . Due to the definition of the zonal polynomials, in particular since 

— OL X 

Am(C) > for all ^ € A' \ {0}, W^' ' is therefore a well-defined positive measure. 
Let us now prove that u i— >■ L('"'^(u) is the Lap lace transform of WJ ' '"'^ . For each 
m G N*" and each automorphism g, we have by iFaraut and Koranvil (|l994l Lemma 
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XI.2.3) and Proposition [AJj|(iv) 



K 



TK{ni+-jdctl—\ ' det (e + 2tP (V^) 



X g [u 



2t 



(5.12) 



If X is non-degenerate, P(^/x)P{a~^) is an automorphism and plays the role of g in 
our case. However, the above formula also holds true if x is degenerate. Indeed, let 
us app roximate x hy Xn = x + ^e . Since (tr(^))'^ = J2\m\=k ■^m(C) for every k (see p. 
235 in lFaraut and Koranvil (jl994l) ). we have for |m| = k 



Zm {P iV^) P {a-') < (tr {P {a-') Cx„))' < (tr {P {a-') ^x,)f . 



Dominated convergence then yields (|5.12p also for degenerate x. By (|5.1ip we obtain 



det (e + 2iP (V^) u) ^ [ e-<"'«>M^t^'"'^'d^ 
Jk 

( i^^p (Vi) p (u + %i) "'^ ^ 



(5.13) 



Using P{z) = P(yi)P(yi), Proposition lA.6l|(ii)| and lFaraut and Koranvil (|l994 Ex- 
ercise II. 5 (c)), which asserts [z + e)^^ — e = — (^~^ + e)""'^ for invertible elements z, 
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z + e and z ^ + e. we get 



2t 



■,x 



4^2 



f {2tP (V^) 
'2tP (Va) u 



2t 



u + e) ,-P 



2t 



1 



-P 



= - {2tP (^/^) (u-i + 2tP (V^) 
= - {{ir^ + 2tay\x) 



This proves that it i— > is the Laplace transform of the density given in ()5.9p . 

Moreover, tV^^ ' ' qualifies as probability distribution, since £^'"(0) = 1, which can 
be seen by plugging it = in equation (|5.13p . 

Concerning the first statement (i) we have locally uniform convergence on K of 
£d{r 1)+ ^ ,a+ ^^,x ^d{r i),a.x^ which is a coutinuous function at 0. Hence invoking 
Levy's continuity theorem yields the assertion. 

Finally, let us consider assertion (iii) Since affine transformations do not affect 
the property of having a density, we can assume a to be of the form 



m < r. 



for some orthogonal idempotents pi, . . . , pm ■ Let now X be a if -valued random 
variable with distribution yY^''^™-'^ and denote by Tl^r-m the projection on = 
V{em, 0) = {x G V \ x o e„i = 0}. Then some algebraic manipulations yield that 



E 



^(n,-„(«),n,-„(a;)) 



which is the Laplace transform of the unit mass at Ilr-m.{x). This implies that X 
does not admit a density, because the pushforward of a measure with a density under 
some linear map would again admit a density. □ 



Remark 5. 6. — The explicit form of the Markov kernels corresponding to the affine 
diffusion processes associated with the parameter set (a, 5a, 0, 0, 0, 0, 0) , for 5 > d{r — 
1) and a € K, is thus given by Wf'"^'^. 
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5.1.4. Existence of Bru Processes. — Using the knowledge that /^^'"'-^ jg the Laplace 
transform of a probability distribution on K, we can finally prove existence of affine 
diffusion processes associated with the particular parameter set (a, Ja, 0, 0, 0, 0, 0), 
where a € K and 6 > d{r — 1). We call these afSne processes Bru processes, sinc e on 
St' th ey correspond to the following diffusion process, which was first studied bv lBru 
(Il99lh 

dXt ^Sa + ^/YtdWtVa + y/adW^ ^/Yt, Xq = x, 
where is a r x ?■ matrix of Brownian motions. 



Proposition 5.7. — Let (a, (5a, 0, 0, 0, 0, 0) be an admissible parameter set, that is, 
a Cz K and d > d{r — l). Then there exists a unique affine process on K such that (j2.ip 
holds for all {t,u) e x K, where (j}{t,u) and il}{t,u) are given in Lemma \5.1\ 



Proof. — By Proposition 15.51 we have for every {t, x) G M+ x K the existence of 
a probability measure on K with Laplace-transform e~'^^*'"^~^''''^*'")'^\ where 4>{t,u) 
and u) are specified in Lemma |5. II The Chapman-Kolmogorov equations hold in 
view of the flow property of and whence the assertion follows. □ 



Remark 5.8. — In the case of positive semidefinite matrices, Bril (1991) has shown 
existence and uniqueness for the process 



dXt = Sir 



' XtdWt + dW^ Xt, Xo 



X, 



if 5 > r — 1 and x with distinct eigenvalues (see Wrti Hi 99 A . Theorem 2 and Section 
3)). This process corresponds to the parameter set (7^, Sir, 0, 0, 0, 0, 0) on the cone S^ . 
Note that, since the Peirce invariant d equals 1 in this cas e, 5 > r — 1 is a stronger 
assumption than what we require on S. Actually, Brtl (1991) establishes existence and 
uniqueness of solutions also for S = l,...,r — 1. But these are degenerate solut ions, 
as they are only defined on lower dimensional subsets of the boundary of S^ ( see 
199 A . Corollary 1) and compare Remark \5.3\ (ii)). 



Bru 



5.1.5. Existence and Transition Densities of Wishart Processes. — By allowing a 
non-zero linear drift, we can enlarge the class of Bru processes to so-called Wishart 
processes. These are affine processes corresponding to the parameter set 
{a,Sa, B, 0,0, 0,0), where 5 > d{r — 1) and B G q{K). Here, g(/v) denotes the Lie 
algebra of the automorphism group G{K). These linear maps satisfy 

2P{B{x), x) = BP{x) + P{x)B^. 

For such parameter sets the corresponding Riccati equations can still be solved ex- 
plicitly, which is stated in the following lemma: 
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Lemma 5.9. — Let a G K, 6 e IR+ and B G q{K)- Consider the following system 
of Riccati differential equations for u G K and t G 



^^^^ ^ -2P(V(t, u))a + {i;{t, u)), 



d(j){t, u) 
dt 



V'(0, u) = u G A', 
0(0, u) = 0. 



T/ien the solution is given by 

i;{t,u) = e^"\u-'+<jf{a))-\ 



cf>{t, det (^e + P (^^<jf{a)j , 



(5.14) 
(5.15) 

(5.16) 
(5.17) 



where (jf{y) = 2 e^'^yds. 

Proof. — Differentiation of (|5.16p yields 

^ -2e^'*P{{u-' + af{a))-')e^*a + B^ie^^^u'^ + {a))-') 
^-2Pi^{t,u)) + B'^i^{t,u)), 



where we use Proposition IA.6I (iii) and the fact that for aU t G 



Faraut and Koranvil (jl994 Proposition III. 5. 2), since * G G(A') 



which follows from 

for all t. Using the same arguments as in Lemma l5. 11 we can write (j5.17p as 
(j>{t,u) 

whence 



S S 

-lndct(M) + - lndet(e + af (a)), 



d4>{t, u) 
dt 



(^-{u-^ + af (a))-\ 2e^*«^ = {5^{t, u),a). 



□ 



Comparing now the solutions of Lemma [5.9l with those of Lemma [5.1l and combining 
this with Proposition [231 we obtain the following corollary. 

Corollary 5.10. — Let (a, (5a, i?, 0, 0, 0, 0) he an admissible parameter set with B G 
q{K). Then there exists a unique afflne process on K such that (|2.ip holds for all 
{t,u) G IR+ X K, where 4>{t,u) and tpit^u) are given in Lemma \5.9\ 



Proof. — Consider (j){t,u) and 'ijj{t,u) as given in Lemma 

^-<p{t,u)-{tp(t.u),x) _ £2 
2 

S 



Then 



(5.18) 



where ' ' is specified in Proposition 15.51 Statement (i) of this proposition thus 
implies for every {t, x) G M+ x K the existence of a probability measure Wl ^ 
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on K, whose Laplace transform is given by the above expression. The Chapman- 
Kohnogorov equations hold again due to the flow property of 4> and -0, whence the 
assertion follows. □ 

Let us finally characterize the existence of a density for the affine process corre- 
sponding to the parameter set (a, ^a, i?, 0, 0, 0, 0) with a e A", (5 > d{r — 1) and 
BeQ{K). 

Proposition 5.11. — Let X be an affine process corresponding to the parameter set 
{a, Sa, B, 0, 0, 0, 0) with a <E K , 5 > d{r — 1) and B £ q{K). Then, Xt has a density 
W?''^* ^ (and hence all) t > if and only if 

2 

Tank{L{a), L{B{a)), . . . , L{B''-\a))) = n, (5.19) 
where L is the left product operator defined in (|2.6|) . 

Proof. — Under the assumption 6 > d{r — 1), Proposition 15.51 implies that the 

-ax. . . . ^'^ 

probability measure Wl ' ' admits a density if and only if a G K. Moreover, ac- 

2 

cording to Lemma [5.121 below, erf (a) £ K is equivalent to Condition (|5.19p . Due 
to relation (|5.18p . Proposition 15.51 thus yields the existence of a density given by 

^lafia),e^'x ^^^^ ([^^^ is satisfied. □ 

2 

The following lemma states the above used equivalence between Condition (|5.19p 
and the fact that cr^(a) G K. 

Lemma 5.12. — Let a £ K and let B be a linear map satisfying {B(x),u) > for 
all u,x £ K with (w, a;) = 0. Then 

af{a) = 2 f e^-'a£K, 
Jq 

for one (and hence for all) t > Q, if and only if (|5.19p holds true. 

Proof. — Note that the condition on B implies e^*a G A' for all i > 0. Let 
us therefore prove the equivalent statement, that is, a? {a) G dK if an d only if 
rank(L(a),L(B(a)),...,L(S"-i(a))) < n. Bv lParaut and Koranvil |l994 Theorem 
III. 2.1), af{a) G dK is equivalent to 

/ L{e^''a)ds edS+{V), 
Jo 

which in turn holds true if and only if 

L{e^*a)u = 0, 

for some u 7^ G F and alH > 0. By the definition of the exponential function this 
is however equivalent to 

L{B''{a))u = 0, fc = 0,1,2,.... (5.20) 
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Since B'^, k > n can be expressed as a linear combination oi I,B, . . . , i?" which is 
a consequence of the Cayley-Hamilton Theorem, (|5.20p is equivalent to 

{L{a),L{B{a)), . . . , L{B"^\a)))'^ u = 0. 

This proves the assertion. □ 

5.2. Existence of Affine Processes on Symmetric Cones. — In Proposi- 
tion 15.71 and Proposition 13.181 we have proved existence of affine diffusion processes 
with a particular constant drift parameter and existence of pure affine jump pro- 
cesses. In order to establish existence of affine processes on symmetric cones for any 
admissible parameter set, we now combine the respective Riccati equations to show 
that 

r 1 N 

P^t P\ 



JV->oo 



e 



is the Laplace transform of a probability distribution on K for any admissible param- 
eter set. Here, P', i = 1,2, denote the respective semigroups of the diffusion process 
and the pure jump process. 

Given an admissible parameter set {a, b, B, c, 7, m, fi), let us therefore consider the 
following two systems of Riccati ODEs: 

dtMt.u) = i?i(V^i(t,w)) = -2P(i/;i(i,w))a, 

dt(t)i{t,u) = Fi{ipi{t,u)) = {6a,'ilji{t,u)), 

dtM-t.u) = R2iMt,u)) ^ B^ iM-t.u)) + J 

(e-<«*(*'")>-l + (x(0,'^2(^,u)))MrfO, 

dtMt,^) = F2{Mt,^)) = {b-5a,Mt,u))+c - I (e-<«''/'^(*^"» - l) m{d£,), 

(5.21) 



K 



where we set 5 = d{r — 1). The original Riccati equations corresponding to the 
parameter set (a, h, B, c, 7, m, /i) are then given by 

dtipit,u)^ R{i:{t,u)) = Ri{i;{t,u))+R2{^p{t,u)), V(0,w) = w, (5.22) 

dt(l)it,u)^F{i,it,u))=Fi{i;it,u))+F2i^{t,u)), ^{0,u) = 0. (5.23) 

Let us remark that, due to Proposition 13.151 there exists a global unique solution 
to (|5.22p - (j5.23p for every u G K, which remains in K for all t G R+. 

Lemma 5.13. — Let 4>i,ipi, i = 1,2, be defined by (|5.2ip and let u G K and t > 
be fixed. Define recursively for each N €N and n e {0, . . . , N} 

yo{u) u, woiu) := 0, 

yniu) := V'2(t, ^/'i(t,?/„_i)), W„(m) := 0i(t,2/„_i) -|- 02(t, ■i/'l(T, J/n-l) + Wn-i, 
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where t = j^. Then 



lim yN{u) and (l){t,u) 

N—yoo 



where (f> and "0 are given by (|5.22p - (|5.23p 



lim wn(u), 



Proof. — Let us first remark that the limits are well-defined, since we have existence 
of global solutions of (|5.22p - (|5.23p by ProDOsition l3.15l In order to prove convergence 
of this splitting scheme, let us first calculate the local errors of the approximations 
for (f> and ^p for a given step size t = with N ^ N fixed. An estimate of the global 
error is then obtained by transporting t he loc al errors to the final point t and adding 



them up, as it is done in iHairer et alj (|l993l Theorem 3.6). Following iHairer et al 



( 199i Chapter II. 3), let us define the increment functions $^ and $0 by 

yn{u) = yn-l(u) + T$^(?/„_i(u),r), 
Wn{u) = W„_i(u) +T$^(y„_i('u),T). 

Using Taylor expansions at r = 0, we obtain due to the real-analyticity of Ri, i?2 and 
Fi,F2 onK ioi ye K 

$^(2/,t) =i?2(y) + i?i(2/) 

+ ^T{DR2{y)R2iy) + 2DR2{y)Ri{y) + DR^{y)R^{y)) 

<^^iy,T)=F,{y) + F2iy) 

+ It{{DF2 (y), i?2 (y)> + 2{DF2{y),Ri (y)) + {DF^ (y), i?i (y))) 
+ 0{t^). 

Hence the local errors satisfy by another Taylor expansion of and 
U{t + T, u) - iP{t, u) - r$^,(V'(t, u),t)\\ 

= ir2||i^i?i(V.(t,u))i?2(V'(i,w))--Di?2(^(i,u))i?i(V'(t,?^))|| +0(t3) 

\cj){t + T,u) - - r$^(V'(t,u),T)| 

= ir2|(i?Fi(V'(t,u)),i?2(^(t,ii))> - {DF2{iit,u)),R^{i;{t,u)))\+0{T^) 

Since R2 and Fi,F2 are real-analytic on K, the following Lipschitz conditions for 
some constants A^, are satisfied in a neighborhood of the solution 

||$^(z,t) - $^(y,T)|| < A^||z-y||, |$^(z, r) - $^(?/, r)| <A4z-y\\. 
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M oreover, by Proposit ion 13. 151 ■i/j{t, u) e K for all {t, u) G M+ x K such that we have 



bv lHairer et alj (|l993l Theorem II.3.6) 



\\^^{t,u)-yNiu)\\<T^e^^'-\ 

Since t = both terms converge to as — > oo. □ 

We are now prepared to prove the main result of this section, which establishes 
existence of af&ne processes on irreducible symmetric cones for any given admissible 
parameter set. 

Proposition 5.14- — Let {a,b, B,c^^,m, fi) be an admissible parameter set. Then 
there exists a unique ajfine process on K , such that (|2.ip holds for all (t, u) G R+ x K , 
where (j){t,u) and ip{t,u) are given by (|2.3ap and (j2.3b|) . 

Proof. — By Lemma [5. 131 we have for each fixed t 

p-4>{t,u)-{ip{t,u),x) _ p-WN(.u)-{yN{u),x) u € K. 

For each iV e N, n e {0, . . . , iV} and x G K, u ^ f,-w„{u)-(y„(u),x) ^-^^ Laplace 
transform of a probability distribution on K. Indeed, let us proceed by induction. For 
n = 0, e^''"'^^ is the Laplace transform of 5x{d£,). We now suppose that for every x € 
K, e~''"n-i-{yn-i,x) jg ^Yyq Laplace transform of a probability distribution /i„„i(x, •) 
on K. Due to Proposition [53] and Proposition EH u i~> e-~<l>dr.u)~{i>^{r.u),x) ^ i = 1, 2, 
are Laplace transforms of probability measures supported on K , which we denote by 
p].{x, d^), z = 1, 2. Since we have 

^-W„-{yn,x) _ g-U)„_ig-l/)i(T,K„_i)-</)2(T,l/'l(T,l/„-l))-()/'2(T,)/'l(T,l/„_l)),2;) 



K JK 



e-^-^-^y-^'^^pl{tdOpUx,dO, 

er<^^'^fi,,.^{ldz)pU^,d^)pl{x,dO, 



K JK JK 



e (i'n.^> is the Laplace transform of the probability distribution given by 
Mn(a:,-)=/ / ti{l-)pl{tdl)pl[x,dO. 

JK JK 

As u h-). e~'^(*'"'~'>'''(*'")^^^ is continuous at and the limit of a sequence of Laplace 
transforms of probability distributions supported on A', Levy's continuity theorem 
implies that u H> g^-'l>(tM)-(il>{t,u).x) ^^^g^ ^j^g Laplace transform of a probability 
distribution on K . 
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Moreover, the Chapman-Kolmogorov equation holds in view of the semi-flow prop- 
erty of (f) and if), which implies the assertion. □ 



6. Boundary Non- Attainment on Symmetric Cones 

In this section, X is a conservative afhne process with admissible parameters 
(a, 6, i3, m, /i, c, 7) relative to a truncation function x such that 

A l){^i{dS),x) < 00. (6.1) 

for all X G K. The conservativeness implies that c = 0, 7 = 0, and for each x, X( o P^, 
allows a modification to a a cadlag semimartingale with decomposition 



s<t 



with X''^ = M'^+B'^, where M"^ is the continuous martingale part oi X and B'^ = /o(^+ 
Bo{Xs))ds. Here Bq denotes the modified linear drift Bq{-) := B{ )— x(0(/^('^C)j ')■ 
The admissibility condition (j2.18[) implies that Bq is inward pointing, that is, 

{Bq{x), m) > for ah w, x with (u, x) = 0. (6.2) 

Proposition 6.1. — Let X he a conservative affine process on an irreducible sym- 
metric cone K such that (j6.ip is satisfied. Ifb^ (rf(r— 1) + 2)q;, then for each x £ K, 
we have Yx-a.s. 

:= mi{t >0\Xt- i K} = 00. 

Proof. — Since AXt ^ for i < T^, it follows that = inf{t > | dct{X^_) = 0}. 
In other words, if Xt touches the boundary in finite time, it must diffuse thereto. 



For X G K, we have by Proposition lA.61 (v) and (iii) 



Dti ln(det(a:)) = — ^^(det(2;)a; ^,u)^{x (6.3) 
det(a:) 

DuDy \n{dct{x)) = -{P{x-'^){v),u). (6.4) 
Hence, by an application of Ito's formula, we have for t < 

dln(det(AO) - {X^\ {b + Bo{Xt))dt + dM^)) - i Tr {A{Xt)P{X^^)) dt 



In 



/ det(At) 
\dct{Xt-) 

By Lemma 14.61 we further obtain 



{X-\ {b + Bo{X,))) + 1 Tr {A{Xt)P{X-^)) = {b - 2^a, X^^) + {B,{Xt), X'^) 
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Now jQ{Xg ^,dM^) is a one dimensional continuous local martingale on the 

stochastic interval [0,Ta:). Also, by (|6.2p and since (V det(a;), x) = at a; £ dK, 

{BoiX,),X, ) = 

must be bounded from below, along any path on the closed interval [0,Tx]. On the 
other hand, since 



det(X( 



^ = det (e + P{y/ AXt)X^r}) > 1 



det{Xt-] 

and by the assumption of the proposition (recall that n = r + ^r{r — 1)), we have 
that 

b-2^a,Xr')+ln(4^^]>0 
r 



\det{Xt. 



for t < Tx- All in all, we have that 



is (pathwise) bounded from below on [0, T^] and 

ln(det(Xt)) ^ ln(det(a;)) + M^r + P*. 



But ln( det(Xt)) -> — oo for t T^. By McKean's argument (see iMaverhofer et al 



Section 4.1)) we therefore must have P^j-almost surely = oo. □ 



Appendix A 
An Introduction to Euclidean Jordan Algebras 

In this section (V, (•,•)) denotes an Euclidean Jordan algebra and K the corre- 
sponding symmetric cone of squares, as introduced in Definition 12.71 Definition 12.51 
and Theorem 12.101 The aim of this appendix is to review some important notions 
and results related to Euclidean Jordan algebras. 

A.l. Determinant, Trace and Inverse. — We denote by ]R[A] the polynomial 
ring over K in a single variable A and, for x G V, we define IR[a:;] := {p{x) \ p E M[A]}. 
Then we have 

R[x] = R[X]/Jix) 

with the ideal J^{x) := {p E M[A] \ p{x) = 0}. Since R[A] is a principal ring, J^{x) 
is generated by a polynomial, which is referred to as the minimal polynomial if the 
leading coefficient is 1. Its degree is denoted by m{x). We have 

m,{x) ~ min j/c > | e, a;, a;^, . . . , x*^ arc linearly dependent} . 

Furthermore, the rank of V is the number 

r:=maxm(a;), (A.l) 

x&V 
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whi ch is bounded hy n — dim (V). An clement x is said to be regular if m{x) = r. 
By iFaraut and Koranvil (|l994 Proposition II. 2.1), there exist unique polynomials 
oi , . . . , Or on y such that the minimal polynomial of every regular element x is given 
by 

f{X;x) = A'' - ai{x)X^-' + a2{x)X'-' + ■■■ + {-lYar{x). 

Using this fact, one introduces, for any x G the determinant det(a;) and trace tr{x) 
as 

det(a;) := 0^(2;) and tT{x) :— ai{x). 

Remark A.l. — In order to distinguish between elements of V and linear maps on 
V, we use the notations Tr(A) and Det(yl) for A e C(V). 

An element x is said to be invertible if there exists an element u G W[x] such that 
X o y ~ e. Since M.[x] is associative, y is unique. It is called the inverse of x and is 
denoted hy y = x^^. 

Remark A. 2. — We remark that the notions "rank", "trace" and "determinant" are 
motivated by the fact that for the Euclidean Jordan algebra of real r x r symmetric 
matrices, the rank is equal to r, and ar{x) and ai{x) are the usual determinant and 
trace, respectively. The inverse is also the usual one. 

Note that the determinant is not multiplicative in general, but we have the follow- 
ing. 

Proposition A. 3. — For all z and x,y £ R[z], 

det(a; o y) = det(x) det(j/). 
Moreover, det(e) = 1 and tr(e) = r. In particular, 

dct{x) det(a;"^) det(x- o x^^) = 1. 

A. 2. Idempotents, Spectral and Peirce Decomposition. — An element p of 
V is called idempotent if p^ = p, and two idempotents p, q are called orthogonal if 
p o q = 0. Note that for idempotents this notion of orthogonality coincides with the 
notion of orthogonality with respect to the scalar product (•, •) on V (see Lemma lA.5|) . 
Finally, a non-zero idempotent element is called primitive if it cannot be expressed 
as a sum of non-zero orthogonal idempotents. 

The following results are cornerstones of the theory of Jordan algebras: 

Spectral Decomposition : A set of mutually orthogonal primitive idempotents 
Pi, . . . ,Pr such that pi + • • • + = e is called a Jordan frame of rank r cor- 
responding to the rank of the Euclidean Jordan algebra, as defined in (|A.ip . 



The spectral decomposition theorem (see iFaraut and Koranvil (|l994l Theorem 
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III. 1.2)) states that, for every x e 1/, there exists a Jordan frame pi, 
real numbers Ai, . . . , A^, such that 



. , pr and 



fc=i 



^kPk, 



where the numbers A^ are uniquely determined by x. Moreover, x is an element 
of the symmetric cone K if and only if Afe > for all k G {1, ... ,7"}. Again 
motivated by symmetric matrices, Ai, . . . , A^ are referred to as eigenvalues. 

Peirce decomposition 1 : Let c be an idcmpotcnt in V. Def ine, for k — 0, 1/2, 1 
the su bspaces V{c,k) := {x G V : co x = kx}. Then, by iFaraut and Koranvi 
( 1994 Proposition IV. 1.1), V can be written as the direct orthogonal sum 

V = V{c,l)(BV{c,l/2)(BV{c, 0). 

Moreover, any x Cz V decomposes with respect to this decomposition into 

X = xi + XI + xo, (A. 2) 

where Xk G V{c, k) for fc = 0, 1/2, 1. 

Bv lFaraut and Koranvil (|l994 Proposition IV. 1.1), the Peirce spaces V{c, k) 
satisfy certain so called Peirce multiplication rules: 



V{c,l)oV{c,Q) = {{)}, 
{V{c, 1) + V{c, 0)) o V{c, 1/2) C V (c, 1/2) , 

V (c, 1/2) o y(c, 1/2) C V{c, 1) + V{c, 0), 

P(y(c, 1/2)) y(c,i)cy(c,o). 



(A.3) 
(A.4) 
(A.5) 
(A.6) 



Peirce decomposition 2 : Letpi, 
as the direct orthogonal sum 



V 



, be a Jordan frame. Then V can be written 
= 0^.., (A.7) 



where Vu = V{pi,l) 



; and Vij = V{pi, \/2)r]V{pj, 1/2) (see lFaraut and Koranvi 



( 1994 Theorem IV.2.1)). 

Moreover, the projection onto Va is given by the quadratic representation 
P{pi), and the projection onto Vij by 'iL{pi)L{pj). 

If V is simple, then the dimension of Vij, i < j, denoted by 



d = dim Vi^ 



(A.; 



is independent of i,j and the Jordan frame. It is cal led Peirce invariant. If V is 



simple of dimension n and rank r, then we have bv lFaraut and Koranvil (|1994 
Corollary IV.2.6) 

d 

n = r -\ — r[r — 1). 
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Corresponding to the decomposition (IA.7|) . we can write for all x G V 



i=l 



with Xi G Mpi and Xij S Vij . One can think of x as a symmetric r x r matrix, 
whose diagonal elements are the Xi and whose off-diagonal elements are the Xij . 

Example A. 4- — (i) Consider V = M" equipped with the Euclidean scalar 
product. Together with the Jordan product 

xoy= {xiyi,...,x„y„) 

(element-wise multiplication inR), V is a Jordan algebra and the correspond- 
ing reducible cone is R" . The idempotents are vectors consisting only of zeros 
and ones. The non-zero primitive idempotents are the unit vectors. The spec- 
tral decomposition (Ai, . . . , A„) are simply the coordinates of x in the Cartesian 
coordinate system. 

(ii) Consider V = Sr, the space of real symmetric r x r -matrices. Here, the idempo- 
tents correspond to the orthogonal projections and the non-zero primitive idem- 
potents are the orthogonal projections on one- dimensional subspaces. In the 
spectral decomposition, Ai, . . . , A,- are the usual eigenvalues of x and pi, . . . ,pr 
are the orthogonal projections on the corresponding eigenvectors. 
Concerning Peirce decomposition 1, the matrix of block form 



h 




is an idempotent of V . The associated Peirce decomposition of a symmetric 
matrix is then given by 



Xi 
Xl2 



•^12 
Xo 



Xi 







Xl2 



-12 





Xq 



As already established above, Peirce decomposition 2 corresponds to 



(. 



E 



V 



E 

i<3 



■I 



\ 



Note that the dimension d of Vij, i < j, is 1 here. 
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A. 3. Classification of Simple Euclidean Jordan Algebras. — Wc here state 
the classification of all simple Euclidean Jordan algebras and their corresponding 
irreducible cones. This classification is summarized in the following table. Indeed, 
every simple Euclidean Jordan algebra is isomorph to one of these cases. 

H ere, H and O denote the algebra of quaternions and octonions, respectively 
fsee iFaraut and Koranvil (11 9941 . page 84)). Wc further denote by Hcrm(r, A) the 



real vector space of Hermitian matrices with entries in A, where A corresponds either 
to C,H or O. 



K 


V 


dim V 


rank V 


d 




Sf 


ir(r + l) 


r 


1 


Herm+(r, C) 


Hcrm(r, C) 


r2 


r 


2 


Herm+(r, H) 


Hcrm(r, H) 


r(2r- 1) 


r 


4 


Lorentz cone 


M X 


n 


2 


n- 2 


Exceptional cone 


Herm(3, O) 


27 


3 


8 



A. 4. Additional Results. — In this section we collect a number of lemmas and 
propositions which are used in the proofs of Section [4l In most cases, we o nly ci te the 
assertions without proofs, as they can be found in iFaraut and Koranvil (jl994r ). For 
the sake of notational convenience we always assume that V is a simple Euclidean 
Jordan algebra of dimension n and rank r, equipped with the natural scalar product 



{■,-):VxV 



{x,y) :=tr(.T0 2/). 



However, the particular form of the scalar product and the assumption that V is 
simple is not always needed. 

Lemma A. 5. — (i) Let a,b be idempotents in V. Then (a, 6) > 0. Moreover, 
(a, b) ~ if and only if a o b = 0. 

(ii) Let a,b £ K and suppose that (a, b) ~ Q. Then a ob = Q. 



Proof. — For (i) see iNomural (|l993f ) and for (ii) iHertneckl (jl962l) . 

Proposition A. 6. — The following assertions hold true: 

(i) An element x is invertible if and only if P{x) is invertible. Then we have 

P{x)x-^ = X, 
P{x)-^ = P{x-^). 



□ 
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(ii) // X and y are invertible, then P{x)y is invertible and 

(iii) The differential map x x^^ is —P(x)~^, that is, 



dt 



{x + tu)-^\t=o = -P{x-^)u. 



(iv) Aci{P{x)y) ^ {dcixf dciy. 

(v) Vlndctx = x^^. 



Proof — See iFaraut and Koranvil (|l994L Proposition 11.3.1, II.3.3 (i), II.3.3 (ii), 
III.4.2 (i), III.4.2 (ii)) □ 
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